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«Ecau 6ot xomume Hayuumesca naasamos, Mo
cmeno exo0ume 8 800y, A eCAU XOMUME HAYHUMb-
ca pewams 3alauu, mo pewadme ux!»
. 1I:;’[ o it a, Mamemamudeckce omxpoimue,
c 13

MPEAUCNOBUE

YMeHue peluaTbh 3ajauy SBJASETCA OAHMUM U3 BAaXKHEHUIHX 3JeMeH-
TOB MaTeMaTHYecKoil MNOArOTOBKH OYAYLIEro YyuyuTels MaTeMaTHKH.

Hacrosiwee nmoco6ue npexacrasasier coboit Beinyck V «[Ipakrukyma
Nno pelieHHI0 33aJay LUKOJbHOH MaTeMaTHKM», H3faBaemoro MI'3IIH
B TIOMOIIb CTYAEHTaM-3a0MHUKaM. Ero uenb — No3HakKOMHTb CTYZAEH-
TOB C pPa3/IHYHbLIMH METOJaMH pelleHHsl 3a/ay MOBLILIEHHOH TPYAHOCTH,
B TOM YHCJ€ OJHMMHAJHBIX W KOHKYPCHBIX 3ajad.

Ilpu cocraBneHuH Hacrosillero nocobHsi aBTOPY MNpPEACTOAJO H3
THICAY MOJIE3HBIX H IM0-CBOEMY HHTEpEecHblX 3ajay BbIGpaTbh COBCEM
He6oJIbIIOe KOTHYECTBO. Byayun orpaHHYeHHbIM TeMaTHKOH M KoJinye-
CTBOM, aBTOpP CTpeMu/ics OTOOpaTbh M COCTABMTb TaKHe 3ajauH, KOTOphbie
Obl1M OBl JOCTAaTOYHO pasHooOpasHbl, TpeGoBajH Obl OT pellaloero
CaMOCTOAATEILHOCTH MBICJIH, He Obliu Obi wabaoHHBIMH. Bnpouem,
noc/jenHee IOHATHE BeCbMa OTHOCHTeNbHO. JlaBHO JH MHOTHE 3aja4H
(nanpuMmep, Ha HepaBeHCTBA, IKCTPEMYMBI) CYHTANTHCh KHECTAHAAPTHEIMHY,
a Tenepb OHH BOULIH B NpoOrpaMMy cpepHeil ikoJabl. HecranpapTHocTb
oTo6paHHbLIX aBTOPOM 33aJa4 COCTOHT CKOpee BCEro He B HX CJIOXKHOCTH,
a B HeOObMHOCTH. XOUeTcs HaAeATbCHA, YTO MHOrHe «HEeCTaHAapT-
Hble» 3aJa4l H «HewaO/OHHbIE» METOABl pelleHHss CKOpo npHobpe-
TYT paBHble NpaBa C YyXe NPHUBLIYHBIMH 3ajayaMH H NPHEMAaMH HX
peileHHs.

B noco6un Obin HCNOAbL30BaHB KHHIH H3 cepHit «Bu6iuoTteka
MaTeMaTH4YecKoro Kpyxka» u «bubnuoreuka ¢usnko-MaTeMaTHYeCKOH
LIKOMbIY, COOPHHKH OJMUMNHMANHBIX 33aja4, NMOcOGHs AJA NOCTYNalouuX
B BY3Bl, XYpHa/abl «MaTtemaTuka B wkoJe», «<MareMaTHyeckoe npocse-
ueHHe», «KBaHT», «<Hayka # Xu3Hb», MaTeMaTHUECKHe XKYPHa/bl CTPaH
HapogHO# gzemokpatiiH. Pa3symeercsi, oroOpaHHble 3ajgauH He fBJA-
IOTCSl CaMbIMH TPYAHLIMH, caMbiMH HHTepecHbIMH. Bhe «[lpaktHkyma»
OCTalluCb MHOTHe He MeHee HeoOXOJHUMble TeMbl M 3ajayd (HanpHmep,
3aja4H, CBA3aHHble C MOHATHeM abCOMIOTHOH BeNWYHHBI, 3afayd Ha
LeNHMOCTb, FreOMeTPHYECKHe 3aJauH, pellaeMble C MOMOILBIO BEKTOPHOH
anre6pbl H C MOMOILBIO TPUFOHOMETPHH, 33J1a4H Ha NMOCTPOEHHE H AP.).

Hacrosiiee nocobue sBasieTcA NepBhIM NPHONHKEHHEM K ocyle-
CTBNEHHIO 3aJa4, NnocTaBJeHHbIX nepell «[IpakTHKymMoM», OHO He mpe-
TEHJYeT Ha NOJHOTY HX pelueHusi. ABTOp ¢ GrarogapHOCTbIO NMpHUMeT
BCe MOJIe3Hble 3aMeYaHHs W NnpenioxeHus, cnocoOCTBYlOLIHE YJayulue-
HHIO CcOOPHHUKA.

[Mporpamma «[lpakTnkyma» He MoxeT ObiTb cTabuAbHOH H OLMHA-
KOBOH /151 BCeX MEeABY30B, H NOITOMY ee CodepKaHHe AOJKIO Onpenc-
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JIATbCA MAaTeMaTHYeCKHMH KadeapamMH INeABY30B C YUYeTOM HaYuHBIX
HHTEpecoB mnpenojaBaresneii, Beaywux «[Ipakrukym», u cocraBa cry-
JEeHTOB.

IToco6ue cocrour u3 Tpex raaB. B mepBoit rsaBe «¥YpaBHeHHs»
PacCcMOTpPeHbl YpaBHEHHSI BLICIUMX CTeNeHeH, YpaBHEHHs B LeJNBIX YuC-
Jax, GyHKUHOHa/NbHble YpaBHEHHUS, YpaBHEHHs C 11eJ10# 4acThio (aHTbe),
HEKOTOpble «HeCTaHAAPTHLIE» YPaBHEHHS M CHCTEMbl YpaBHEHHH.

Bo BTOpOI#i rviaBe pa3oGpaHbl 3ajaui Ha JOKa3aTeJNbCTBO HEPABEHCTB
H Ha HaXoXAeHHe 3KCTPEMYMOB C HCMNOJb30BaHHEM MOHATHA CPEAHEro
CTeNeHHOro Jio6oro mnopsijka OT KOHEYHOTrO YHCJAA MOJOXKUTENbHHIX
quced.

Tperba rnaBa BKJIOYAeT pas/H4YHbIE OJNHMMIHAJHbIE 33aJayH M3
anre6pel ¥ TeOMETPUH.

Kaxawiii maparpad «IIpakriukyMa» noctpoeH TakuM o6pasoM, uTo
CHayasna MpPHUBOAATCH KpaTKHE TeOpeTHYecKHe cBejleHHa M o0pasisl
peleHns nanbosiee THMHMYHBIX 3aJay4, a 3aTeM JaloTcsd  YIpaKHEeHHs
/11 CaMOCTOSITEJIBHOIO pelleHus.

ITpu paGore c «[IpaKTHKYMOM» peKOMeHAyeTCsi He Cpa3y 3HakKo-
MHTbCSI C NpHBEAeHHbIMH O0pasuaMy pellieHHH, a MOMbITaThCsl PelIHTh
sanayy camocrostenbHo. He ToponuTech 3arasabiBaTh H B pasjpen
«OTBeTH U YKa3aHHf». ABTOD He TNpPEArNo/araer Takxe, YTO HYXHO
peluTs BCe WJHM IMOYTH BCe 33hayd No KaxJod teMe. B srtoMm Her He-
06X0JHMOCTH.

B 5TOii KHHMre BH He HafijieTe BOJALIEOHOrO C/0Ba, OTKPBIBAIOLIETO
BCE NYTHU pellleHHs, — OHa He HaY4YHT H He MOXKeT Hay4MTb BaC pellaTb
BCe 3alayd, HO XOYeTCs HaJesAThCH, YTO OHAa OKaKeTCd BaM NOoJe3HOH.

BonbuiMHCTBO NpPUBOAMMBIX pelleHHH 3aaad HOCHT «UHCTOBOWH»
XapakKTep, T. €. COLEPXKHT YxKe nepepaboTaHHBIN, JAaKOHHUYHLIA TEKCT
OKOHYaTe/NbHOro pelneHus., Yacrtb pelueHHH AaHa B «4ePHOBOM» Ba-
pHaHTe («4epHOBOE» pelleHHE), OTParkalollleM NOHCKOBYIO CTafHIO pe-
LIeHHs, caM NYTb K «YHCTOBOMY» pelIeHHIO.

CryneHTaM-3a04YHHKaM TIOJIE3HO NMO3HAKOMHTBECA C 3aMeyaTe/bHBIMH
kHuramu [1. [To#a «Kak pewarts 3agauy», «Matematuka u npasgonoanG-
Hble paccyxJeHus», «MaTemaTHuecKoe OTKphLITHE».



Fnaesall
YPABHEHMA

§ 1. YpaBHeHMs BbICWIWX CTENeHeH

3ajaud Ha BbIYHCJEHHE paLHOHAJLHLIX KopHei. [Tyctb
fx) =ax" + ap_x"™ + .. + ax +a, =0 (1)

— ypaBHeHHe n-ii creneHu (n > 1) ¢ uenbiMu KosbpuuueHTamu. K-
BECTHO, YTO:

1°. Ecau necoxpamumas 0pobe —;1 (ede p €Z, g € N) ssrsemca

PAYUOHANbHOIM KOpHEm ypasHenusa (1) ¢ yearomu Koaghduyuernmamu,
mo p ecmo Oeaumenp C60000HO20 4aeHa a,, @ q — Oeaumeas cmap-
uie20 Koagpuyuenma a,.

20, Leawvul xopene ypasuenus (1), ecau on cywecmeyem, 0oaxcer
bvime deaumenem c60600H020 taeHa.

3%, Ecau 6 ypaswenuu (1) cmapwui xosppuyuenm a, = 1,
PAYUOHANLHBIE KOPHU 9MO20 YPABHEHUS — UEAbIE HUCAQ.

Takum 06pasoM, HCNHITHIBAA BCeBO3MOXHbE Apo6u 2, rie p —
q

AeNHTeNb o, 8 g — LeNUTeNb a,, HaiileM pallMoHaJbHEIe KOPHH ypas-
HeHus (1) uau yGeaumcsa, 4urto ypaBHeHHe (1) pauHOHaNbHBIX KOpHedl
He HMeerT.

IMpouecc wucmbiTaHHs Bcex AenuTesel CBOGOXZHOTO UJeHAa MOXeT
0Ka3aTbCs BecbMa TPOMO3LKHM, MO3TOMY OOBIYHO NPH BBIYHCJAECHHH
HeNbIX KOPHeH MOABb3YIOTCA CJAe[YIOUIHM 3aMeYaHHeM:

4%, Hcneumanuto nodsexcam auwie me Oeaumeau a c80600H020 uie-
Ha a, (omaudnee om | uru —1), 0aa Komopeix Kaxcdoe u3 4acmMHbIX
FD o KD pevemen LALLM HUCAOM.

a—1 a+1

[Tpume p 1. TlocTpoeHs BHIMYKJBE YETHIPEXYTOJNbHHK, MNSTH-
YLOMBbHHUK, LIECTHYTONBHUK U T. 4. CyMMa JUIMH BceX AMaroHaljeil 3THX
MHoroyronbHHkoB pasHa 800. CKOIbKO MHOTrOYroJbHHKOB NOCTPOEHO?

P e w e u ne. IIpexpe Bcero HafiieM 4uc/10 JuaroHasei BbIMYKJOTO
n-yroJibHHKa,

Ecniu BpeMeHHO OTBJ€YbCS OT TOHATHA N-YIOJbHHKA, a CYHTATb,
YTO Ha MJIOCKOCTH 2afaHbl N TOYEK, TO, COSNHHAN 3TH N TOUEK MeKAY
co6of, JIETKO MOACYMTATb, UTO UMUCAO COEAHMHSAIOUIMX OTPE3KOB PaBHO

| R
,21. rae Cn n—('-t——)- — YHC/I0 COYETaHHil H3 n SVIEMEHTOB No 2.




B 3T0 uHc/0 BOUIH 72 CTOPOH A-yTOJBHHKA, NO3TOMY HHC/O JHAro-

Haseil BHINYKJOrO n-yrolbHHKa paBHO:
nin—1 n— nn—3)
2 2

Tenepp MOXHO mnepeiTH HENOCPEACTBEHHO K pelIeHHI0 3afayH.
[Tyctb X — uKc/O MHOrOYroJbHHKOB, TOTJA MOC/JENHHH MHOTOYroJib-
HHK OyJAeT UMeTb X + 3 CTOpOH.

B cooTBeTcTBHH C yCJIOBHEM 3a1a4, NPUAABAs 1 3HauYeHUs, paBHbLIE
4, 5, ..., (x + 3), nonyuyHM ypaBHeHHe
4(4—3 5(5—39) (x+3)(x+-3—3

8-9 42029 4 4 EEIELIZD _ g,

KOTOpOe JIerKo mnpeofpasyercsi K CJaepyiolleMy BHAY:
4W+52+ ..+ +3H—34+5+ ... + (x + 3))= 1600.
[To dopmyse cyMmel KBaapatoB MNEpBHIX % HATypaJbHBIX YHCEN
S, = k(k+ 1) (2k+ 1)

6
HaiieM, u4TO
x4-3
Zkz _ )+t
A .
k=1

Bropas cymma BhiuHc/asercs 1o GopMmyJie CyMMbl YJIeHOB apugMeTH-
YeCKOH IpOrpeccHH:

4+5+...+(x+3)=‘—"+24£.

Takum o6pa3oM, ypaBHEHHE NPHMET BHI:

E+HE+DCATD g2y on y any . FE+TD
5 (12 + 22 1+ 37) 0 — 1600,

HAHU
2% 1 6x® + 5x — 4800 = 0. (1)

HcnbiThiBas genuTend CBOOOAHOrO 4YjieHa, HaXOAMM, 4YTo X; = 15.
Pasnenns muorousnen x® 4 6x* + 5x — 4800 Ha (x — 15) (no cxeme
lopuepa), HaiigzeM uacTHoe. 3HAYWT, HCXOJHOE YypaBHeHHE [PHMET
CJACAYIOLIHA BHJ:

(x — 15) (x* + 21x 4 320) = 0.

HaxopuMm, uro x = 15. [Ipyrux pauuoHanbHbLIX KOpHeil HeT.
3ameuaHnue YpaHeHHe (1) MOXKHO mNpeACTaBHUTb B BHJIE

% (x4 1) (x + 5) = 4800.

ITockonbKy N0 YC/AOBHIO X — HaTypajibHOoe uHcao, a 4800 =
= 15 . 16 - 20, To HemocpeACTBEHHO HAaXOAHuM, uTO X = lO.
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[Tpumep 2. YcraHoBHM, B KaKOH CHCTEMe CUMCJIEHHs TpPOU3Be-
AeHo caenymollee yMmMHoxenue: 352 - 31 = 20 152.

Pemenue. Ilyctb x — ocHOBaHHE CHCTEMBbI CYHCJIEHHS, TOrAa
3a]JaHHOe pPaBEHCTBO MOXKHO 3amucaTb B BHIE YpaBHEHHS

Bx® 4+ 5x +2) Bx + 1) = 2x* 4+ x 4 Bx + 2.
BLinosHUB yMHOXXeHHe H npHBejeHHe NMOAOOHBIX YJICHOB, MOJYYHM:
2x* — 9x® — 17x®* — 6x = 0.
SlcHo, uT0 X 0 ¥ noTOMYy YypaBHEHHe TNPUMET BHA:
28 —9x* — 17x — 6 = 0.

[TockonbKy X KaK OCHOBaHHE CHCTEMBI CUHC/IEHUA MOXET NPUHHMATh
TOJIbKO HaTypa/jbHble 3HAYE€HHR, TO Cpeay AefnTeqell CBOOOJHOTO YieHa
HCTIBITAHHIO NOAJIeXaT JHLIb YHeaa 1, 2, 3, 6. Ecan yuects K ToMmy e,
YTO B 3aflaHHOM paBeHCTBe uHudppa 5 camaa Go/bluas, TO OCTAETCH NPO-
BEPUTb TOIbKO X = 6.

Pasnenum Muorousied 2x® — 9x2 — 17x — 6 Ha (x — 6) no cxeme
[opxepa:

2 -9 —17 —6

2 3 1 0

B ocTaTKe MONYYW/IHM HYJb. DTO 3HAUMT, YTO X = 6 — KOpeHb TMONY-
YEHHOTo YpaBHeHHs1 U SBJISETC OCHOBaHMEM MCKOMOM CHCTEMBbI CHHc/Ie-
HHUA.

ITpumep 3. Pewuum TpHroHOMeTpHYeCcKoe ypaBHeHHe
5 cos 3x 4+ 3 cos x = 3 sin 4x.

Pemenune, C nomoupio ¢opMmysa

cos 3x = 4 cos® x — 3 cos x

sin 4x = 4 sin x cos x (cos? x — sin® x)
NpHBELEM YpaBHEHHE K CJEAYIOIEeMY BHIY:
20 cos® x — 12 cos x = 12 sin x cos x (cos? x — sin® x),
WIH
cos x (5 cos? x — 3 — 3 sin x (cos® x — sin® x)) = 0.
Orcropa: 1) cosx =0 u x = —g——l- nk;
2) 5 cos? x — 3 — 3 sin x (cos® x — sin? x) = O.
Buipasus cos? x yepes sin® x, nonyyuM ypasHeHHe



63 — 52 —3t +2 =0,
rae { = sin x.
ByneM ucnbiTBIBaTH CieayiouiMe paudoHadbHble yucaa: +1, 42,

1 1 1
:l:-2-, i;, i?’ rje YUCAHTENb fiBJsErcs JAelduresneM 2, a sHaMeHa-

Tenb — nenuresieM 6. Haxomum, uro f; = | — KopeHb ypaBHeHus.
Pasgenus no cxeme [opuepa Ha ({ — 1), monyuum ypaBHeHHE

62 +¢t—2=0,
oTKyna [, = % H ;= —%.
3uaunt, x, = —g- + nk, x, = (—1)" % + ain,

Xy = (—1)#H? arcsin% +ap, k, n, peZ

YOPAXHEHMA

1. B Kaxoii cucTeMe CUMC/AEHHsSI CIpaBENJHBO paBeHCTBO 3122 =
= 107 444?

2. B xako# cHcTeMe Cuuc/IeHUs NpPH JefeHHH 4ucaa 4634 Ha 4ucho
565 moJayvaercst B 4acTHOM 5, a B ocrarke 530?

3. O6beM MpsAMOYroJbHOro napaJiJjenendnesa ¢ KBaipaTHbIM OCHO-
BaHHeM paseH 36, IJIMHA AMATOHAJIH OOl H3 OOKOBBIX rpaHeil paBHa .
Haiigure AJAMHY CTOPOHBI OCHOBaHUS NapajJenenunesa.

4. DnekTpHyecKasi Lelb COCTOMT M3 YeTbipex MapajjiesibHO COeaH-

o 1
HeHHBIX mpoBoaHuKoB. CompoTrHBneline BCeil LEMH paBHO 11—9 Om.

Onpenennurte CONpOTUB/NIEHUE KAXIOTO H3 NPOBOLHHKOB, €C/IH M3BECTHO,
YTO MO BEJHYHHE COMNPOTHBJIEHHA MOCAEA0BATENbHO OTJIHYATCA APYT
ot apyra Ha 1 Owm.

5. M3 cocyaa ¢ uHCTBHIM cnupTOM OTJMAH 4 J1 CIUPTA, MOCJAE Yero
COCYA HOJHWJM YeTbipbMs JIUTPaMH BOABl. 3aTeM OTJAMAH 4 J1 CMecH H
Aoaunu 4 1 Boabl M T. A. [locse Tperbeit onepauuu B COCYe 0Kas3anoch
YHCTOro cnupra Ha 2,5 a1 Gosbiue, yeM Boabl. CKOJIBKO JIMTPOB CHHPTA
610 B CcOCYyAe NMepBOHAYaJbHO?

6. Ha xourpysutHeix 6okoBbeix pebpax terpasapa DABC ornoxe-
Hbl oTpe3kH, npuuem |AA,| = 3, | BB,| = 4, |CC,| = 5. [lnockoctb,
npoxoasiuas uepes TOukH Ay, B,, C,, nNeaur o6beM Terpasapa B
otHowlenun 7 : 17. Onpenenure nauHbl GoKoBbIX pefep TeTpasapa.

7. Tlepumerp TpeyrospHHKa pasBeH 20, cyMMa AJHH BHICOT paBHa

131&/3 , PaAHYC ONHCAHHON OKPYXKHOCTH paBeH 7_1/_3 Onpenenure A1H-

HBl CTOPOH 3TOTO TPEYroJIbHUKA.
8. Peunre ypaBHeHus:

. 1, . .
a) sin® x 4 cos® x = V—gsm 2%, 6) 7 sin x cos? x + 3sin® x = 3;

B) 2 cos? 4x + sin? 3x = 1; ) cos x = cos? -i—x.
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9. lokaxkure, uto MHOrouwleH f(x) = a, 4+ ayx + ... + a.x" ¢
1eJLIMH Ko3(pHLLHEHTAMH He MMeeT LebiX KopHeit, ecau f (0) u f (1) —
HeyeTHble YlcJaa.

10. YpaBHeHHe

B +ax* 4 bx+c=0,

rae a, b, ¢ € Q, umeer Kopeﬂbx1=p+ql/?, rnep, q,reQurs£
= k®. JloKaxuTe, YTO B 3TOM C.1y4ae ypaBHEHHe HMEeT pallMOHaJbHBIMA
KOpeHb.

3apauu, pewaemble ¢ HcnoabzoBanuem dopmya Buera. Kopuu x,,
Xgy eesy Xn YPaBHEHHS

"+ axtt 4+ L+ a, =0,

rien >1,a, €C, i = 1,2, ..., n, cBa3ansl Mexay coboii clepyoLHu-
MH COOTHOLUeHHSIMH ((opmynbl Buera):

x*l + x2 + XX} + xn = —al’
X1Xe + X1X3 + oo F XpaXp = Qg

@ & o ¢« 8 @ & 7 ® g O B & s 2 s v e 0N s

XiXoXg vee Xp = (—1)"a,.
IMMpumep 1. Kopuu ypasueHus
X 4+at4bx4c=0
o6pa3yioT reoMerpuyeckyi nporpeccuio. Kakomy Heobxonumomy H

JOCTATOYHOMY YCJAOBHIO JOJIKHBI YAOB/ACTBOPATb KOI(XpHLMEHTh! YpaB-

HeHus?
Pewenue. [lycrb x;, x5, X3 — KOpHH ypaBHeHusi. M3 ycnoBus

caeayer, uTo
X5 = X, Xg. 2)
VMHOXHM 06 uacTu 3TOTO PaBeHCTBA HA Xp% X3 = X XoXg. Ilo-
CKOJIbKY X XpX3 = —¢, TO
X3 = —c. 3)
KpoMe Toro, nmeem:

xl+x2+x3=_av
X1Xg + XoXg + X1x3 = b.

YuureiBas paBeHCTBO (2), nosydaeMm:

X1Xg + XoXg + X5 = b, un Xy (—a) = b. 4)
W3 paseHcrs (3) v (4) caenyer 3aBHCUMOCTb MeXAYy KOd(PHIHEHTAMH:
a’c = bo. (5)

OGparHo, NycTb ypaBHeHHe MMEET BHI:

x3+ax2+bx+z—:=0.



CrpynnupyeM 4ieHnl ypaBlieHusi C/lIefyiomHuM oGpa3om:

(x3+£;)+ax(x+%):0

WIH
/ 2
o B3] -o
a a a
Orciona
3,
Xp=—2 (wm x,=—V7)
a
b— a® + Vo' — 2a%h — 3b?
$i0 = - . ao.

Tenepb MoXeM HeMoCPeACTBEHHO MPOBEPHTb BBINOJHHMOCTb YCJIOBHS:
2
X = x'lxs.

Ecnn ke a = 0, T0 M3 coorHowenus (5) caeayer: b = 0. U cae-
AOBAaTeJbHO, YPaBHEHHE NpHMEeT BHJ:

x*+c=0.

Ecnu ¢ = 0, To KOpHAMHU siBAsIOTCA YHCHa Xy = 0, x5 = 0, x; = 0.
MoxHO cuntath, YTO OHH O6GPa3yIlOT IeOMETPHYECKYIO NPOTpPeccHio ¢
nepBbIM 4Y1eHOM, paBHbiM O, W JM0ObIM 3HaMmeHartesleM ¢. Eciau ke

c#=0 TO  KODHSMH ypaBHeHna SIBJISIIOTCS  TPH aﬂaqenna. 1/ —c,

gy €1 1/—032, rae e, = —— —|— LKQ-, 8y = —; — tV23 Jlerko
ybenuTbcs, 4TO 4HCAA 1/ —cCe,, 1/ —c, 1/ —C¢ &, 06pa3yloT reoMeTpHye-
CKYIO TpPOrpeccHio.

ITyctb Tenepb a = 0. Torma npu ¢ = 0 u3 coorHolueHHs (5) cie-
ayer: b = 0. B 3toM cayyae ypaBHeHHe HMeeT BHA:

¥ 4 axt = 0.

Ero kopuamu sBasiorcs uucia —a, 0, 0. MoxHo cuuTath, YTO OHH
06pa3yioT reoMeTpHYeCKYI0 NMPOTPEccHio ¢ MepBLIM 4YJIeHOM a W 3HaMe-
Hatenem g = 0.

Taxum o6pa3om, jp1s TOro 4TOoOBl KOPHM HMCXOAHOTO YpaBHEHHS
06pa3oBLIBa/IM TeOMETPHYECKYID MpOrpeccHio, HeoOXOAWMO M JoOcCTa-
TOYHO BBINOJIHEHHE COOTHOLUeHHs1 a’c = b3,

[Tpumep 2. Hailgem cymmy KyGoB KopHeHl ypaBHeHUS

x4 2%+ x—3=0.
PemeH e 310 MOXHO BBINOJHUTH PAa3JHUYHBLIMH NYTSMH, Ha-
NpUMep NOCJAENOBATEIbHO BLIYHC/AS CHAauajJa CYMMY KBajJpaToB Kop-

He#l, a 3aTeM cyMMy KyOoB KopHell. Mbl e BOCTO/b3YyeMCA 4acTo NpH-
MeHfieMbIM B MaTeMaTHKE TOXX/ECTBOM

A+ +E—38abc=@+b+c)@+ b +c*—ab—
— ac — be).
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B Haiem cjayyae 3TO TOXKIAECTBO NMPUMET BHA:

x‘.’+x§+x§=3x1xzxa+(x1+x2+xa)(xf+x§+
+ X2 — XXy — XXz — XgXy).

Bhipasum Sy = x3 + %3 4 x5 uepes oy, 0, H 03, Ie 0, = X; +

+ X2 + X3, Oy = X1Xp + XoX3 + X3X), O3 = X XaX3.
Cymmy x? 4 x2 - X3 JIeTKO BbIPa3uTb Yepes o, U oy

2 2 2 — a2
x} 4 x2 + 1% = o] — 20,.
OKOHYaTe/NIbHO MOJY4YHM:
x? + Xg + xg = U? -_ 3010’2 + 30'3.

[MockosbKy no ycaosuio (o gopmynam Buera) o, = —2,
0g =1, 05 =3, 10 X} + 13+ x} = 7.

[Tpuwmep 3. Pewnm cucTeMy ypaBHeHHI:

x+y+z=2
X+ y: 22 =6,
x4 y3 + 28 = 8.

PemweH ue. PaccMorpum TpoiiKy nepeMeHHbIX X, y, Z KaK Kop-
HH HEeKOTOporo KyOuueckoro ypaBHeHus £ + af® +bt +c¢=0 wu
HaiieM KosdxpHuHeHTH a, b, C.

ITo ¢popmynam Buera

0, =—a, 0;=2"5, 0; = —¢.

Ho B cuny npeapiaywiero nprumepa
24y 4 2 = ol — 20, = a® — 2,
x3+y3+23= U?—30103+303 = —as +3ab—30.
[loxctaBasfs 3TH BbIpaXKeHHA B HCXOQHYIO CHCTEMY YpaBHeHHH,
MOJMYUHM:

—a = 2,
a® —2b =6,
—a® 4 3ab — 3¢ = 8,

OTKYJa JIeTKO HaxoiuMm: a = —2, b = —1, ¢ = 2.
CnepnoBaTelbHO, HCKOMOE YpaBHEHHe MPHMET BHA:
-2 —{+2=0,
HJIH
EB—=1(¢—2) =0.
Ero kopuu: —1, 1, 2. A Tak Kak MCXOJHasi CHCTeMa CHMMeTpHUYecKas,
TO Ji06asi KoMOWMHALHs 3TOH TPOMKH YHCea ABJAAETCA €e pelleHHeM.

11



YNPAXHEHMUA

11. CoctaBbTe ypaBHeHHe, KOPHSIMH KOTOpOro GYAYT AVIMHBI paju-
ycoB r,, r,, r, BHEBMHCAHHBLIX OKpYXXHOCTEH.

12*. CocraBbTe KyOHueckoe ypaBHeHHe, KOPHH KOTOPOrO paBHbl
3 57

11
Cos —, COS —, COS —,
7’ 7’ 7

13*. Haiigure cymmy 16-x creneHefi KopHeil ypaBHeHHs
B—x+1=0.
14. Bpiudciaure mIow@aAb YeTbipeXyroJbHHKA, JJIHHBI CTOPOH KO-

TOPOTO ABASAIOTCS KOPHAMH ypaBHeHus x* + kx® + mx® 4 nx 4 5 =0,
a CyMMa BeIMYHH NPOTHBOINOJIOXKHBLIX YIVIOB paBHa It.

15. Ecnu ypasuenue ax® — 3bx® + 3cx — d = 0 uMeer KOpHH —Z-,

c d
5 » TO 9TH KOPHW WIH DaBHBI, HIH 06pa3yloT apHpMeTH4ecKyio
¢

nporpeccuio. loKaxwure.

16. Bouucaure 3Hauenus  BolpaxkeHuit:  x2 x2 4 x2 x2 4 12 1%
X%y 4 %%% + X253 + Xox% + x3x5 + x1x%, ecnu x;, X, X3 — KODHH
ypaBHeHust x> — x 4+ 3 = 0.

17. Haiinure neiicTBHTeNbHBle KOPHH CHCTEM YpaBHeHHMH:

a) x+y +2 =4, 6) x3_|_.y3+23 -_—_-7_3

xy + yz + 2x = 5, 8’
Lt 1 _3 xyt+xz+yz=x+y+z2
x y z 2’ xyz = 1.

18. [lano ypaBHeHHe
B4 pl g +2=0.

Ha#aure cootHollenne Mmexay KosdpduiHeHTaMH, NMPH KOTOPOM OAMH
KOpeHb paBeH CyMMe JIByX APYTHX.

19. Jlano ypaBHeHue x* + ax® + bx* 4+ cx + d = 0, B KoTopoMm:
a) X, + X4 = x3 + X4; 6) x1x3 = x3x,. Haligyre cooTHOlIeHHe MeXny
Ko3pduurenTamu. Hahaure crnocobbl pellleHHsi ypaBHeHHSI NMpH 3THX
YC/IOBHAX.

20. YcraHoBHTe, KaKOMY YCJOBMIO AO/KHBI YJOBJETBOPATH KO3(-
¢uuHeHTH ypaBuieHus: x3 4 px? 4+ gx + r = 0, yToGBl TPH €ro KOpHs
COCTaBANU apHPMETHYECKYIO NPOrPeccHIo.

21. KakoMy HeoOXOZHMOMY W JOCTATOYHOMY YCJOBHIO YAOBJIETBO-
pAOT Ko3(pdbHuveHTh ypaBHeHus x® 4 px* +gx +r =0, rae r 0,

| 1 1
g # 0, eciu ero KOpHH CBAI3aHBLI COOTHOIUEHHEM — - — = —?
x Xy Xy

22. Onpenenute A TaK, 4roGbl OAUH H3 KOpHeil ypaBHeHusa x° --
-+ 7x + A = 0 paBHAJ/CA YyABOEGHHOMY BTOPOMY.

12



3amauM Ha CoOCTaBJeHWe YypaBHeHHd 3-H H
4-it crenenei. PelueHnss npuBegeHHbIX B 3TOM
pasjiejie reoMeTpHYeCKHX 3alay B  OCHOBHOM
CBOASITCA K PelUeHHI0 BO3BPATHBIX WJIH APYTHX
ypaBHeHHi, KOTOpble B CBOIO OYepeab COOTBETCT-
BYIOLUM 06pa30oM MOXKHO CBECTH K KBAaApaTHLIM
ypaBHEHHSIM.

PaccMoTpHM 3TO Ha KOHKDETHOM IpHMepe.

IMpumep 1. M3 Bepiunnsr A ganHoro ksaj-
pata ABCD (|AB| = a) nposectu npamyio AE,
nepecekaiollylo npojosKeHne ctopoHui [BC] B
touke E, a cropony [DC] B Touke F Tak, uro-
6ut |EF| = b.

Pemenue. Hmeem (puc. 1): |AB| = g,
|EF| == b.

[Tycrs | DF| = x. Torna = #, rae
a—Xx

— 2ax® + (2a® — b®)x® — 2a%x - a* = 0.

Pasnenum Ha x*:

x”-i-%:-—Qa(x-{- a—:)+202—52=0-

a2
[TonoxuM, x + — =y. Tlockoabky
X

y2=(x+gi)2=x2+2a2+a_i,
x x2

a4

1 ypaBHeHHe (1) mpumer Bun:
y2 — 2ay — b* = 0.

A

x < a,

Puc. 1 £

g x* —

(D

Orcioga y = a + V'a® + 0%, 1ak kak y >0. Torza x + ¢ _a +
X

+Va+b% wm *—(@+Va Fb)x+a=0. 0O6a KopHs
NONOXKUTENBHE, TaK Kak a® >0 u a + Va® + b > 0. Haxoxum x:

X

_at+ V@i £ Vit uaya@t 6 —2a

2

3anaua MMeeT OXHO pellleHHe NPH JOObIX 3HaueHHAX @ M b, TaK Kak
OIMH W3 KOPHell He YIOB/IETBOPSET YCJAOBHIO X < 4.

3Hauur,

|DF| = _;(a+ VETE-V i +0VZre— 20).

Ecau xe B YCJIOBHH 3ajadyl INpPHBEACHBI YHCJOBHIe JaHHBIC, TO
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HCKOMble HppaLHOHANbHBIE KOPHH OObLIYHO HaXOAAT H3BECTHBIMU NPUHOIH-
KEHHBIMH MeTOAaMH (HanpHMep, MeTOAAMH XOpA, KacaTe/lbHbIX, HTepa-
uuu u ap.). Haubonee npoctbiMu ABAAIOTCS CNOCOO JeNieHHsi CErMEeHTa
nornoJsaM H crnoco6 npo6. CylHOCTL NOCAEAHHX 3aKJ/oYaercs B cle-
ayloleM.

I[TycTb B npouecce peleHus 3ajauu NoJAy4yeHO YpaBHeHHe, HapUMep,
4-4 creneHu:

fx) =x*+ax® 4+ bx® +cx +d=0. 2)

CHayana oTnenuM ucKombiit Kopedb. Eciau f (a) <0, a f (b)) >0,

TO HUCKOMBbIi1 KOpeHb HaXOAUTCA MeXAY a W b. 3aTeM Bo3bMeM B Kauectse
atb

nepBoro NpuGIHXeHHs X, = —";— — cepefiHHy orpe3ka [a; b] u BbI-
yucauM f (x,). Ecan npu atom noayuurcs, uto f (x,) = 0, 10 x5 —
kopenb. Ec/in e 3Hauenue f (x,) JOBOJIbHO GIH3KO K HYJIIO, TO MOXHO
MOJIOXKHTb X = X, |+ 2, TAe Z — uucio, OGaus3koe K Hymo (2 ~ 0).
[ToacraBuB x = x, 4- 2 BMeCTo x B ypaBHeHHe (2) H OTOGPOCHB UJEHHI,
cozlepxalue 2° u 2* (B BHAY HX Ma/loCTH), NMOJYYHM KBajapaTHOE ypas-
HeHue oTHOCHTeNbHO 2. PeluuB ero, HafifieM 2, a 3aTteM u npubIHKEHHOE
3HauYeHHe X = X, -+ 2, T. €. NpHOJHKEHHOe 3HaueHHe KOPHA JaHHOTO
ypaBHEHHS.

Ecau xe f(x,) cpaBHHTeNbHO JajieKO OT HYyJAs H, Hanpumep,

a—+ x,

[ (x,) > 0, To Gepem x;, = —,~ 3aBTOpoe npub/aHKeHHe U BbIYHC-
auMm [ (x,). Ecan npu 3tom f (x;) noBonbHO GAM3KO K HYJO, TO NoJja-
raeM: x = x; + 2, rae 2 & 0. V1 ypaBHeHHe pelllaeM Tak, KaK CKa3aHO
Bbillle.

ITpumep 2. HalineM BelHYHWHBI YIVIOB INPSAMOYFOJBLHOTO Tpe-
yroasHuka (C = 90°), y KoTOporo AJdMHBI pafHycoB r,, I, I, BHEBNH-
CaHHBIX KPYrOB COCTaBJSIOT T'€OMETPHYECKYIO MPOTrPECCHIO.

Pewenue. Tak Kakr,, r,, r, o6pa3yioT reOMETPHYECKYIO MPO-
rpeccHio, TO

fo*fe="Tj. (3)

N3 Kypca reomerpun H3BeCTHO, 4TO

ra—-—-ptg%, r,=ptg %, r,=ptg %= p (tak Kak C = 90°).

[ToactaBuB 3TH Bbipa)KeHHWs B paBeHCTBO (3) H COKpaTHB Ha p?,
NONY4HM,

I
-
0
[

v | )

tg

| )

Tak kak A = 90° — §, TO

90° — B
2

[
L o
",
© | ™)

tg
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HJH
o_...B.— —3 zi
tg(45 2) tg X

[Tpeo6pa3yeM mosyyeHHOE PaBEHCTBO

-~

1 tgﬁ-
2 =tg 2,
g = 2
I+1g

”~

[Tonoxus tg—g; = x, 3aMUILIEM YpaBHEHHe

B+ 4+x—1=0.

IMockonpky 0< % <45°, 100 <x < 1. Tak Kak f (0) = —1 <0,
a f (1)=2>0, To KOpeHb YypaBHeHHi HaXOAHTCA B HHTepBaJje
10; 1I[.

BoabmeMx=O—42-'—-l=-;-. Torna f( )_——<O

Mur NOJIYUWIH AOBOJILHO 6MUM3KHH K HYJIO pe3ynbTaT, IpHYEM
1
-2—' <x<Z 1.

ITonoxus x=—;-—|-z, rie 0<z< 1l (2= 0),

NOJIyYHM:
5 11 1
+ 2 + 4 8
Onycrus 2° B BHAY MaJ/IOCTH, 3amullleM KBaJpaTHOE YypaBHeHHe
> —2 llz1 —L_o
2 4 8
HaiineM nonoxurenbHoe 3HaueHue z;:
2 = —11 4V 141 ~ 411,87 ~ 0,0437.
20 20

Wrak, tg -‘23— ~ 0,5 + 0,0437 = 0,5437; B ~ 57°4', A ~ 32°56'.
Ouenum Moayab pasHOCTH 2; — 2. Umeem:
Fad =—2—(z2—22) +—(zl—z)

Tak Kak 2, > 2z, TO

P >141(21—z)
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|2, — 2| < lilzs < ﬁzﬁ = 5(0,0437)3 < 14_1 (0,05)* & 0,00005,

TO'-IHOCTb, KaK BHAHM, MOJAY4HJ/IACH 0ojiee yeM JOCTATOYHAsA.

YNPAMHEHMNS

23. B tpeyronbiuke ABC aiunbl Bbicotel [CD] u cropon [BC),
[CA] u [AB] obpasyior reomeTpHueckylo nporpeccuto. Haiiaure |CA|
H |ABj|, ecan | BC| = a.

~~

24. B npsamoyrosnbhoM TpeyronbHuke ABC (C = 90°) nposenen
[DE] || [BC] 1ak, uto |AD|=|BC|u D€ [AC], E ¢ [AB]. Onpege-
aure |AE|, ecnu |BC| = a u |BE| = b.

25. B okpyxHoctH ¢ ueHTpoM O npoBeleHbl B3aUMHO MepHeHiH-
KyasapHbe paguyc [OC] u cekywasa (OM). Ha cexkywe# HaiiThn Touky A
TaKylo, 4ToObl BHewHsisn 4acTtb [AD] cexkyweil (AC) uMena JaHHYIO
LJIHHY.

26*. Uepes guaronanb rpany Ky6a nocTpoiTe ceueHye, paBHOBEHKOE
€ro rpaHu.

27, llap paguyca R = 1 pasjneneH IJOCKOCTIMH Ha TPH paBHOBe-
JIMKHe vyactu. Hafiaure AauHBI BBICOT ILIAPOBOrO CErMeHTa M IIAPOBOTO
nosica.

28. Cocyn, umeiowivii dopmy mnoJjyiliapa, AOBepXY HamnojJHeH BoO-
jaoi. Ha kakofi yroa creayer ero HaKJOHHTb, 4TOOBI MOJAOBHHA BOABI
BBUIWJIACH?

29. lllap pasgesnieH napajyiejbHbIMH [JIOCKOCTAMH Ha 4 paBHbIE
no obbeMy 4acTH. B KakoM OTHOLUIEHHH pasjae/lHJaach MOBEPXHOCTb
lapa?

30. Hafinure npapuibHYIO YeTHIPEXyroJAbHYIO MNHPaMHAy, Y Ko-
TOpPOH IJIOCKHE YIJbl NpH BepLIHHE KOHFPY3HTHBI ABYTPaHHLIM YIjaM
NpH OCHOBaHHH.

31. B npaBunbHO! 1IECTHYroAbHOH mNupaMHule BeJHYHHA YrIya
Mexay OoKoBbIM peOpoM H MJOCKOCTbIO OCHOBAaHHS B MOJTOpa pasa
Gosibllie BeJIMYHHBL MJIOCKOTO yrJa NnpH BepllnHe nUpaMHabl. Hafipure
3TH YIVIBL

32. B npaBusibHOfi TpeyrosibHoOil nupaMule BeJHYHHA ABYrpaH-
HOTO YIVla NpH OCHOBAaHHH OTHOCHTCH K BelHYHHE yraa Mexay Ooko-
BbIM peGpoM H IUIOCKOCTbIO OCHOBaHHA, Kak 4 : 3. Hakhaure atH yrisl.

33. Hafigure npaBuiibHYl0 YeTbIpEXYroJbHYHO NHPaMHAY, Y Ko-
TOPOH BeJIMYHHA JIBYTPAaHHOTO YrJa npu 6okoBoM pedpe B MosaTopa pasa
GoJibllie BETHYHHBL YIvIa MexXAY GOKOBbIM peGpPOM H IJIOCKOCTBIO OCHO-
BaHHA.

§ 2. YpaBHeHus B LenbIX yucnax

Pewwums ypasnenue f (x, y, ..., 2) = 0 8 yeavix uucrax — 3nawum
Hatimu ece kopmexu (a, b, ..., €) yeavix vucea, ydosiemeoparoujue darn-
HOMY YPABHEHUIO, UrU ybedumocsa, 4mo K 00H020 MAKO20 KOPMENA Hem,
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[NpocTeiilunMH ypaBHEHHSIMH B LeablX HYHC/AaX (HeonpeneseHHBIMH
YpPaBHEHHAAMH) AIBJASIOTCS ypaBHeHHs l-fi cTeneHW C ABYMSl HEH3BECT-
HbIMH, T. €. ypaBHeHus BHAA ax + by = ¢, rae a, b, ¢ € Z. Ha Hux
MBI OCTaHaBJHMBaTbcs He Gyaem.

Pelennss ke Heompege/eHHbIX YypaBHEHHII BBHICLIHX CTeMneHeil,
M Jaxe BTOPOH CTeneH, NPEACTABJSIOT 3HAYMTE/NbHbIE TPYAHOCTH.

[TpakTHueckH npH pelleHHH 3TUX YpaBHEHHH 4allle BCEro HCIMOJIb-
3YIOTCSl CBOHCTBA LEJBIX YHCEA W Pa3/JUYHbIE COOTHOLUEHHSA, CBSi3bl-
BAIOLLlHE HX: JEJTHMOCTb, KPATHOCTb, Pa3/IOXKeHHe Ha MPOCThIE MHOKHTE-
JH, B3auMmHasi npocrora yucea, HOZ, HOK u np. MmenHo 3TH cBO#-
CTBa U COOTHOLUEHHS B OCHOBHOM Mbl OyJeM TNPHMEHATb NPH pelleHHH
CJeayloLUHX HeonpeaeneHHbIX ypaBHeHHH. MlHoraa Hamu 6yaer ucnodb-
30BaThCSi TEOPHS CPaBHEHHUIl MO MOAYJIO.

[Tpumep l. Petum B UenblX yucnax ypaBHeHHe

2x% 4 3xy + y* = 35.

Pemwenue Pa3ioxup neByl0 4acTb ypaBHEHHs Ha JHHEHHBIE
MHOXKHTE/IH, TIOJYYHM YpaBHeHHe

@x +y) (x4 y) =35 (1)

Tak kak 35 =5:7=(—5) - (—7)=1:35 = (—1) - (—35) u
X, y € Z, 10 BO3MOXKHBI BOCEMb CJIyuaeB BbINOJIHEHHA paseHcTsa (1) :

D{%+y=, &{%+w=%&
X+ y=5 x+y=1L
2){2x-|—y=5, 6){2x—|—y=l,
x+y=T7 x 4+ y = 35;
3) (2x +y = —T, 7){2x+y=-35,
X+y=—5 x+y=—L
4) (2x+ y = =5, 8){2x+y=—l,
X+y=-—7 x+y=—35

Pewas 3TH cHCTEMbl, HaXOAMM C/EAYIOLHE Maphl YHCe], fBJALO-
LYeCs PelIeHHAMH HCXOAHOTO YpaBHEHHs:
(—34; 33), (34; —69).
MMpumep 2. HJokaxem, uTo ypaBHeHue x* + 4x — 11 = 8y He

HMeeT PelleHHH B HeJablX Yuc/ax.
Pewenue. 1l-icnoco6. [Ipeobpasyem paHHOe ypaBHeHHe:

X — 11 = 8y — 4x.
[paBasi yactb 8y — 4x npH M0O6HIX LeAbIX X U y YeTHa. JleBaa xe
4acTb YpPaBHEHUS, €CJH OHO HMeeT pelleHHs, MOXeT ObiTb YeTHOH TONb-

KO npi HEYETHOM x? H, cjIe0Bare/ibHO, HCYETHOM X.
Tenepb YpaBHeHHE 3anyiueM B CJEAYIOLIEM BHJIE:

X+ 4x + 3 — 8y = 14,
17



HWIH
(x+ 1) (x+ 3)—8y = 14. (2)

Ecau x HeuetHo, T0 ¥ + | u x + 3 — nBa nocneaoBaTeNbHHIX 4Yer-
HBIX YHC/la, a TNOTOMY HX npoussedeHue KpatHo 8. IlockKonbky 8y
TOXe KpaTHO 8, To JieBas yacTb ypaBHeHHs KpaTHa 8. OaHako mpapas
yactb (14) He menutca Ha 8. CnenoBaTesnibHO, YpaBHeHHe (2), a BMecTe
C HHM M JaHHOE ypaBHEHHE He HMeIOT PelleHHH HU NPH KaKHX UedbiX
XHy.

2-t cnoco6. [Tpeo6pasyeM faHHOe ypaBHeHHE, BblJe/NHB NOJHBIH
KBaapar B NpaBo# YacTH:

(x 4 2)* — 15 = 8y.
IMyctb x 4+ 2 = 2. TlepeiineM Tenepb K cpaBHeHHIO 10 Moay.aio 8:
22 =7 (mod 8), 3)

TaK Kak 15 = 7 (mod 8).

CpaBHeHHe (3) He HMeeT pellleHUl, TaK KaK He CYILeCTBYeT KBajpa-
Ta HaTypaJbHOTO YHCJIa, KOTOpoe MpH JAeneHud Ha 8 Aasano Obl B
octatrke 7. B camoM nene, ecan z = 8k, 10 22 = 0 (mod 8); ecan z =
=8k + 1, To 2= 1 (mod 8); ectn 2 = 8k & 2, T0 2* = 4 (mod 8);
ecld 2 = 8k &+ 3, 10 22 = | (mod 8), H, HakoHel, ec1u z = 8k 4= 4,
to 2* = 0 (mod 8).

[Tpumep 3. Petum B 1enblXx YHCAAX CHCTEMY YpaBHeHHii:

{xz—yz—zz= 1,
y+2z—x=23.

Pemenne DBoipasuM H3 BTOPOro ypaBHEeHHs X 4epe3 y H 2
M TIOACTaBHM B MepBoe:

y2—3y —3z-+ 4 =0.
Orciona .
goB=t g

z2—3 z2—3

Tak kKak y € Z, 10 %e Z. A 5T0 BO3MOXHO JIMIIb MpPH YCJIOBHH
F4

2—3 =441 u2z—3=-45.

Takum obpasom, noayuaem: 2, =4, 2, =2, 23, =8, 2, = —2,
3aTeM HaXoQMM COOTBETCTBYIOLHE 3HAaueHHs X H y. Toraa pelleHHe
CHCTEMBI 3alHIIEeM B BHJE

{98 4), (—=3;—2:2), 948), (=35 2 —2)}
ITpumep 4. JokaxkeM, uTo ypaBHeHHE
x4yt 4 2= 2xyz 4)

Hepa3pelliMO B HaTypa/ibHBIX YHCJAX.
Pewenue IlpuMeHum Tak HasbiBaeMbiil Meto] «OeCKOHEUHOro
cnycka». [lonoxum nporuBHOe.
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[Mycth paHHOe ypaBHeHHE pa3pelliMO B HATypaJbHBIX YHCAAX.
[paBas yacTb ypaBHeHHs AeIMTCH Ha 2, CJeJOBaTeNbHO, U €ro JieBas
YacTb JEJMTCA Ha 2. 3TO BO3MOXKHO JHLIb TOrAa, KOraa Jaubo x, y, 2 —
yeTHbIe YHC/Ia, JHG0 OJHO M3 HMX UYETHOE, a JiBa APYrHX HeuerHhle. B
nocJejHeM c/yyae npasasi YacTb YpaBHEHHs Je/uTcs Ha 4, a JeBasg —
TOMbKO Ha 2. 3HAYUT, OCTaercsl IOJIOXHTb, YTO YHUCAA X, ¥, 2 YETHLIE,
T. €.

x=2x, y=2y, 2= 2,
TOrAa ypaBHeHHe (4) npuMeT BMA:
x4 y? - 22 = 4xyy,2,. (5)
[MpumeHuB K ypasHeHuio (D) Te XKe paccyxkIeHHs, UTO W K ypaBHe-
HHIO (4), 3anuieM: x; = 2x,, y; = 2V,, 2; = 22,,
X3+ Y3 + 25 = 8xyye2,.

CoorHoweHust x, = 2x,,, NPHBOAAT K OeCKOHEUHOH noc/enoBaTelb-
HOCTH HAaTypadbHBbIX UHCE X > X3 > Xg > o > X > Xpyp > -0
Ho 3ta nocsepoBatenbHocTh Ao/xkHa ObiThb KOHeuHoil. CiefoBaTesbHO,
Halle MpeinoyoXKeHHe He BAseTcs BepHbIM H ypaBHeHHe (4) B Harty-
pasibHBIX YHCJAAX Hepaspeluumo.

[Tpumep 5. PewnMm B ueanix yucjaax ypaBHeHHe

3F—2" = 1.

Pewenue. OpHo peweHue oueBuaHo: (1; 1).

HerpyaHo samernTb, 4TO ypaBHeHHe He MOXKET MMETb OTpPHLATe/Ib-
HbIX H HynesblX peltenuil. Ilostomy OyaeM uckatbh pelueHus, 6ofb-
wue 1.

IMepenuwem ypasheHue B TakoMm Buge: 2° = 3* — 1.
Tak xak x € N, To npasyi0 4acTb ypaBHEHHSI MOKHO Pas/IOXHTb Ha
MHOXKMTEJIH U TOTAA MOJYUHM:

2=03-1)@"4+3?+..+3+1),

HIIH

P =3 341

Tak Kaxk JeBas yactb ypaBHeHUsi kpatHa 2 (npu y > 1 u y € N),
TO CyMMa B NpaBO# 4yacTu AOJ/KHA Je/uThcst Ha 2. Kaxnoe ciaraemoe
B 9TOH CyMMe HeyerHO, MO3TOMY YHC/IO HX JOMKHO OHITh YeTHhIM. 3Ha-
yur, x = 2k.

[Ipumenns ¢opmysy cyMMbl reoMeTpPHYeCKOHl NPOrpecchd, AaHHOe
ypaBHeHHe NpHBELeM K BHAY:

2y = 3 — 1,
HIH
=3+ 1)(3*—1).
Orciona cnepyer, uto 3* + 1 u 3* — | AB/AAIOTCA CTENEHSIMH UHC-

19



na 2. Ho 310 MoXer GrITb TO/IbKO NpH B = 1. B camoM gene, ecnu 3% +
+1=2 u 3 —1=2, 10 p>g n 2-3t=2" 420 =2x
x (2779 4 1).

Tak kak 2 - 3% menutcs TONBKO Ha MEPBYIO CTeneHb ducaa 2, TO
g = 1. Orciona 3* =1 4 2 = 3, k = 1. Yl mbl nonyuaem apyroe pe-
weHue: (2; 3).

I1pumep 6. Halinem uercipexaHauHoe uHcjo, siBAfoLleec Moa-
HbIM KBaJIpaTOM, €C/M PaBHbI €ro liepBble JBe UUPPH H NocaefHHe JBe.

Pewenue Ilycte N = xxyy — HcKOMOe 4YHCJO. 3amnuileM
€ro B BHJ€ CHCTEMaTHYeCKOro Yucja NpH ocHoBaHHH 10 m ynpoctum:

N = 1000x + 100x + 10y + y,
N = 11 (100x + y).

Tak kak (mo ycjoBuio) N — KBajpar HeKOTOpOro HaTypaJsibHOro
yucna, To Bropoi MHoxurens 100x + y nomkeH penurecs Ha 11,
T.¢e 100x 4+ y : 11, unu x 4 y : 11l (Tak Kak 99x : 11).

IMockonmbky 0 x L9 n 0y <9, nonyyaeM enWHCTBEHHBIA
Bapuant: x -+ y = 11. Orcioga y = 11 — x, u nosromy

100x + (11 — x) = 11£3, nau 9x + 1 = £,

Ilepe6pae Bce 3Hauenus x or 1 jgo 9, HalileM HCKOMOE YHCJO
N = 7744 = 882

[Tpumep 7. B mwaxmaTHOM TypHHpe y4YacTBOBa/JH JBa YUeHHKa
VII knacca u Heckonabko yueHukoB VIII kmacca. Kaxpapli yueHHK
Hrpaj C KaXXAbIM M3 OCTa/JbHBIX YYaCTHHKOB TYpHHUpa ofuH pa3. JIBa
CeMHK/IaCCHHKa Habpanu BMecTe 8 OYKOB, a BCe BOCbMHKJ/IACCHHKM Ha-
6paidu MO OJHHAKOBOMY 4YHCAY O4YKOB. CKOJIBKO BOCHBMHK/IACCHHKOB
y4acTBOBAJIO B TypHHUpe?

Pewenwne Ilycth ¥ — 4nuCiIO BOCHMHKIACCHHKOB, Y — HHCJO
OYKOB, HaOpaHHBIX KaXAbiM H3 HHX. UHc/IO OUKOB, HAaOpaHHBIX BCEMH
y4acTHHKaMH TypHHpa, paBHO xy -+ 8. D10 uHC/IO paBHO HYHCAY Chl-
rpaHHBIX MapTHH.

C apyroil CTOpPOHBI, TaK KaK YYaCTHHKOB ObLIO X - 2 M KaXAbli
YYaCTHUK CBITpaJ C KaXKAbIM H3 OCTaJIbHBIX MO OZXHOMY pasy, To obiuee
YHCJIO CHIFPaHHBIX MAapPTHH PaBHO YHCAY coYeTaHHH U3 x + 2 ajeMeH-
x+2)(x+1)

> .
Takum o6pasom, nosyuaeM ypaBHEHHe

DGl _ gyt

TOB MO fABa, T. €.

WK
Xx(x +3—2y) = 14

Tax kak x — genutenp 14, To x MOXKeT NPHHHUMATL 3HAYeHHs, PaB-
Hbie 1, 2, 7 1 14, 3HaueHusa | 4 2 He YAOB/IETBOPSAIOT YCJIOBHIO 3aJjayH,
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TAK KaK B 3TOM cayuae ofilee YHCJAO YYacTHUKOB He mpeshimaer 4 u
ABa CEMHKJIaCCHMKA He MOIJIM HaGpaTh BABOeM 8 OYKOB. 3HAYHUT, YHCAO
BOCbMHKJIACCHHKOB MOTJ10 Obite 7 uau 14.

YNPAMHEHUS
34. Hafiqure 1esouHc/IeHHBE pelleHuss ypaBHeHHi:
a) 35xy + 5x — Ty = I; }K)xz—i-xy-l—y—-x2 ;
6) 28x + 27y + 21 = 36xy; 3)—"";,""—5'
B) x> — 4xy + 5y = 169; n)x“—-y — 20x% + 28y% = 107,

r) 2 —6xy + 13y* = 100; K) x! — y* — 2x% 4 6y* = 13;

) 2x% — llxy + 129> = 17; »n) X2 4+ 2 = 2%, x, y, zeN

e) x +y=x—uxy+y% W) 222 =2, x, 'y, z€N

35. Jloka)kuTe, YTO JaHHblE YPaBHEHMsi HepaspelliMbl B ILEJMbIX
yHCaX:

a) 2x> — 1 = by; e) 2x* —4x — 5y — 10y — 10 = 0;
6) x* — 3y? = 17; x) 3x% = 16y® +8y~7;

B) 2x* —5y* =7, 3)x2+y *4",n6

1

r) 3x® —4y® = 13; n*) — x= + y— =1;
a) 3x% + 8 = y% *)x3—5y—13
36. Pemute B UeablX 4HC/IaX YpaBHEHHA:

a) 3* — b5 =4y, B¥) 2" + 1 =y2

x—y

y _3.,_1.
6 2 5 1;

37. Pemure B UeaBIX 4HHCIAX CJAeRYiOLUlHe CHCTEMbl YpPaBHEHHH:
a){x+y+z=6, B){x!+y!=z!,

x+yz=T, X+ y=2,
6) (x* + y = 42, rie n!=1-2.3...
x + y* = 42,

38*. llokaxkure, npumeHsia MeTol «OECKOHEUHOrO CHYCKa», UTO
ypaBHeHHSA

D60+ =2+ ) x oy =

HepaspellHMbl B HaTypaJibHBIX YHCAaX..

39. Hafinure jBy3HauyHoe 4YHC/IO, KOTOpPOe PaBHO CyMMe Ky6a
YHC/ia ero JeCATKOB M KBajpaTa YHCJa ero eiHHHIL

40. Hekotopoe Tpex3HauHoe 4HCJO, 3aNHCaHHOE B MNATEPHYHOH
cCHCTeMe, B CeMepHYHON chcTeMe H300pa)kaeTcs TeMH xKe uuppaMH, HO
3anucaHHpiMM B oOpaTtHoM nopsake. Haiiaute Takue uucaa.

41*. Haiigute uvernipex3HayHoe 4YHC/O, paBHOe KBajpary 4ucaa,
BbIPazKEHHOIO €ro ABYMsi IOCJAEAHHMH LM(paMH.
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42. Haiigute derbipex3HauyHoe YMCJIO, MoOC/AeAHHE TpH UHPBI KO-
TOPOTO COCTABJASIIOT apH(METHYECKYIO NPOrpeccHio, MpHYEM, eCJH YH-
TaTb 3TO YHCJIO CMpaBa HAJIEBO, TO MOJYYUTCA 4YHCI0, KOTOpoe Ha 360
MeHbLIe HCKOMOro.

43. MoxHo aiu uucso 101 010 npeacraBuTh B BHAE Pa3sHOCTH KBaj-
paToB JBYX LEJbIX YHCEN?

44. Haiinure Bce HaTypajibHble 4HMC/A, AJdA KOTOPbIX BbIpaXeHHE
22x 4 5 siBAsiercsi KBaApaToOM HaTypaJbHOrO YyHcaa.

45. Jlokaxkute, 4To 4HCI0 12]1x — 3 HU NPH KAKOM LIEJIOM X Hellb-
351 NpeicTaBHTb B BHAE NMPOU3BEJEHHS ABYX MOC/AeJOBATENbHbIX HaTy-
paJibHBIX YHCes.

46. B waxmarHoM TypHupe yuactBoBanH YdeHHKH IX u X knac-
coB. Kablit yUeHHK Urpa’ C KaxkAblM U3 OCTaJbHbIX YYaCTHHKOB TYp-
HHpa oauH pa3. lecatuknaccHukoB 6bl10 B 10 pa3 Gosblie, yeM peBsi-
THKJ/IAaCCHHKOB, M OllM HabpaJsu BMecte B 4,5 pa3a Gosblile OYKOB, YeM
neBATHKAaccHHKH. CKoabKo yueHHKoB 1X Koacca yyacTBOoBaJso B TYp-
HHPe W CKO/MIbKO OYKOB OHM Habpanu?

§ 3. YpasHenus, copjep)Kalyue NEPEMEHHYIO NOA 3HAKOM «aHTLEN

Lenodt wacmoro Oedicrmsumenvroeo uucara x (WU QYHKYueld «anmoe»)
Ha3blBaeTcsi HauOoJiblilee LeN0e YHCJIO 7, He NPEeBOCXOoAsllee X.
Lenasn wactb uucna x obo3Hauyaercsi CHMBOJIOM [x] Hau (pexe)
cuMBoiioM E (x). Uwuraerca Tak: «ueias 4acTb X», WJIH «QHTbE X».
Ipumepw. (2,3] =2, [—2, 3] =3,

90n ]
[3 -+ 4 (Z()S—l*?—g-~ = 2,

W3 onpefenenysa «aHTbe x» CJAEAYET, YTO
< <[+ 1,

HIH
0 y—[x] <1,
T. €.
x =[x] + «,
ke 0 < a <.

OrMeTHM npocTeiiliie CBOACTBA «aHTbE X».
1°, daga Vx €R, n€Z
(x +n)=0[]+[n)=[x]+ n.
20, Ecau u, v € R u [u] = [v], mo
—l <u—uv <1l
8. aa VnéNux €R

[nx] > n[x) u [L—’;]] =[1].

n
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B naHHoM naparpade paccMOTpuM pellleHHe YypaBHeHHH, copepika-
LMX MEepeMeHHYI0 MNojJ 3HaKOM <«aHTbey. PellleHHe TakuX ypaBHeHHit
OObIYHO CBOJHMTCSI K pELIEHHI0 HePaBEeHCTB WJ/IM CHCTEM HepaBeHCTB.
HHorna yno6HO a/s1 HArJIAAHOCTH HCIONb30BaTh rpadMKH (QyHKLHUH.

ITokaxem 3T0 Ha npuMepax.

[Tpume p 1. Peiunm ypaBHeHue

5+6x]_ 155 —7
8 5

15x

Pewenunue, I'chrb—s—_z-=t, rae € Z.

Orcioaa

y = S5t+7 .
15

Torza ypapHeHHe nmpuMeT BHA:
1064+397_,
40 )
W3 onpeneneHus «aHTbe» CJeayer:
0 < 106+ 39 —t< .
40
Pelrasn 310 ABO#iHOE HEpaBEHCTBO, HaXOJAHM, UYTO
1 13
—— K< =
0SI<1
Tax Kak ¢ € Z, To nocnenHeMy HepaBeHCTBY YAOBJAETBOPSAIOT {; = 0,
4

7
t, = 1. Torma COOTBETCTBEHHO X; = —, X, =

15 5"
ITpusmep 2. Peiuum ypaBHeHHe
[x—1]= [%2]

Pewenune. l-icnoco6. O6osnauum: [x — 1] = ¢,
2]

2
Toraa
t<r—1<t 4 Int < i 2 gy,
HIH )
I+ 1<x<t+2 (1)
H
2@ —1) < x <2 @)

3anaua cBenach K HaXOX/EHHIO TAKMX HeJbIX 3HaueHwdl {, npu Ko-
TOPHIX cyllecTByer oflas YacTh ABYX YKa3saHHBIX TIPOMEXYTKOB.
OueBHAHO, pellleHHE OTCYTCTBYET, €CJIH:
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1) npoMexyTok (2) Haxoaurcss «mpaBee» npomexyrka (1), T. e.
npu2 (¢t — 1) >t 4+ 2, mmt 2> 4

2) npomexyToK (2) Jiexur «ieBee» npoMexyTtka (1), T. e. mpn
ALt+ L nmt KL

CnenoBaTenbHO, peleHHe cyuwectByer npu 1 <¢ < 4, a Tak Kak
lGZ, T0t1=2, t2=3.

[Ipu ¢ = 2 u3 HepageHcTs (1) 1 (2) nonydaem:

3L <4, 2 x <4,

otkyma 3 L x <4.

[lpu ¢ = 3 anasnoruyno mnoaydaem: 4 < x < 5. CrenoparenbHo,
pelieHHAMH JaHHOTO ypaphelus OYAYT BCe 3HaueHHAa x € [3; 9.

2-i cnoco6. CoraacHo cBoOiicTBY 2° HMeeM:

—1<x—1-’”2’2<1, 3)
OTKYZa
2 <x <6. 4)

D10 ycnoBHe siBJAsIeTC HEOOXOAMMbIM, HO HeROCTaTOYHbIM. Ha-
npuMep, npu x = 2,5 HepaBeHCTBO (3) BBIMO/MHsSETCSA, a AAHHOe ypas-
HeHUe HeT.

. 2

Tloctpoum aBa rpadHka PyHKuMH y =x — 1 u y =fjé_— 18
3HAaYeHHW# X, YAOBJAETBOPSIOLIMX HepaBeHCTBaM (4).

Mbl BHAMM (pHC. 2), YTO JHUWDbL BO BTOPOH W Tperbeil Mojocax HMe-
IOTCA Y4YacTKH (3alUTpUXOBaHHbE (QMUryphl), IAe LeJble 3HAUEHHS Y
COBNAAAIOT.

IopcraBuB y = 2 B ypaBHeHHE y = x — 1, NOJYYHM HHIKHIOIO
rpaHuLy x = 3, YAOBJIETBOPAIOLULYIO AaHHOMY YypaBHeHuio. [loactaBuB
Xe B ypaBHeHue y = x — | 3HaueHue y = 4, HaliieM BepXHIOIO rpa-
Huny x = 5. IlpoBepkoii ybexnaemcsi, 4To 3HaueHHe X = 5 NaHHOMY
ypaBHeHHIO He YuosJerBopsieT. [lo3ToMy pellleHueM ypapHeHus 6y-
ILYT Bce JEACTBHTe/bHble YHC/JA X, YAOBJIETBOPSIOUIME HEPaBEHCTBY

3L x <5
gk 3hcnocob. [TocTponm
rpapukn  GyHRuM# y = [x — 1]

Hy= [’CTQ] N3 pucynka 3 3a-

MeyaeM, uTo ofuiHe TOYKH rpadu-

3-9 nonoca Ka WMelOTcst B mpoMexyTke [3; 5[.

[Tpumep 3. Pemnm ypas-
HeHHe

1-5 nonoca [—x® 4+ 3x] = x* 4+ 0,5.

Pewenne. Ilo onpenene-
o 71 7 3 4 5 & % ~ HHIO (QYHKUHH «aHTbe» JaHHOe
ypaBHeHHe PaBHOCHJIBHO JBOHHO-

Puc. 2 My HEpPaBEHCTBY

2-8 nonoca

-~ AN Ly O
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ﬁ+%<—ﬁ+%<ﬁ+%

Pewasa sty cucremy Hepa-
BEHCTB, M0J1yYHM YUCJIOBOH NpoMe-
KYTOK

3—V5 34+V5
_%/_<x<_+4‘_/_.

PaccMoTpuM B 3TOM MpOMeKYT-

1
Ke napabosay y= x* + 5 (puc. 4).
INpenent, B KOTOpHIX H3MeHsI-
I0TCS 3HaueHHst GYHKUHH, onpene-

JAWTCH OpAHHATAMH TOYEK Iepe-
CeueHuna napaﬁonbx C NpAMbIMH

3—V5 I 3+V5:
4 4
11—3Y5 114+3V5

X =

3amedaeM, 41O B Ipefenax, B
KOTOPBIX 3aKJIIOYeHO y, ecTb JBa
LeablX yHcaa: y, = 1 u y,= 2,
VM cOoOTBETCTBYIOT 3HAYEHHS: X; =
=105 u x, =) 1,5. 3ro necthb
pelleHHs] NaHHOTO YpaBHEeHHUS.

[ITpumep 4. Peunm ypas-
HeHHe

X —[x] = 3.

Pemenne. IlpeoGpasyem
JlaHHOe YpaBHeHHe

x3 = [x] -+ 3.

Ha ocnoBanuu cBoiictsa 1° ¢yuk-
ILIMH «QHTbe» NOJYYaeM:

22 =[x+ 3]

Orciona caenyer, uro x3 € Z.
CrpouM rpaduku GYyHKUHH
y=x*un y=[x-+ 3] Ipadn-
yecKasi IPHKHIKA (pHC. D) NOKasbl-
BaeT, UTO €JHHCTBEHHBIH KOpeHb
HaXOAMTCA Mexay uHcaamu 1 u 2.
Kpome toro, ¥® € Z u x® = [x -
-+ 3], mo3TOMy X JOJIXKeH ObiThb
KOpHeM KyOHYHBIM H3 HEKOTOopo-

4
31 —_—
2 ——

! i

IR IR T T B
e

—-2
Puc. 3
yA

Yl

7..

6'.

5.

4\-__..

J = |l

/!
—_— 1 =
37T T3

Puc. 5
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ro uesnoro uvcaa b, He npesocxogsuero 8. UcnuithiBass b = 1, 2, 3,
4, HaxodauM, uto b = 4 H

x =V ell; 2]

YIOBJIETBOPSIET HaHHOMY YpaBHEHHIO.

YOPAWHEHMUSA

47. Pewnre ypaBHeHHs:

a) [3,5x] =20, rane x€N; XK) [x]=x3—21;

6) [x2]=2; 3) ij]g]:le(};i_l)'
B) [3x —x]=x+1; H) —Qxa—l_ =[%];
3 :2x—l:__ 2x + 5],
r) (K]=_x K): 3 _—[ 5 ]'
m-2|5] =1 ™) || = b
_ s, [x+y—81=6—x
&) 2 —[x]=—3; Wity “Ts— sy,

H) V[—7x% + 3x + 4] = [2—sin x].
48*, PelinTe HepaBeHCTBO

f=le+3ll<7

49*. OnpejennTe YHCJIO LEJbIX HEOTPHLATENbHBIX pelueHHH ypas-

HEHuA
[e1-1=
a [a + k]’

rie a, k € N.
50. Iloxkaxkure, uTO peleHHeM ypaBHeHHs
m"‘l + TE)B]’*’[ 100]+"'+[x+ ] = [100:]

apaserca Jaioboe x € R.

51*, Haiigure uuc/a0 Bcex HaTypasibHBIX YHCeJ, OKaHUHBAIOLIMXCH
X0TA Obl AByMsl OJMHAKOBbIMH, He paBHbIMH HYyJ/MIO nH(pamMu H He mpe-
BOCXOAALLHUMH JaHHOe 4Hcao N.

52, IlyremecTBeHHHK ObL1 B NYTH LeJ0e YHCJAO AHell, Mpoesxkasn
KaXXIblil JeHb CTOJNbKO KHJIOMETPOB, CKOJIbKO JHeH OH HaXOAw/cAa B
nytd. Eciin Gbl OH npoeskan exenHeBHO no 20 KM M uyepe3 Kaxkibie
40 KM OCTaHaB/JHWBAJICA HAa OAMH JE€Hb, TO BPEMS €ro NYTELeCTBHA

yBeanunaochb Gbl Ha 37 aHed. CKoJbKO AHeH NyTelueCTBEHHHK Obl1 B
nyTH?
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§ 4. DyHKUMOHANDbHLIE YPABHEHMA

DYHKYUOHANbHOIM YPasHeHUeM Ha3bIBAETCS COOTHOLLEHHe, BhIparKaio-
liee omnpeaeneHHoe CBOHCTBO, KOTOPHIM 06/1ajaer HEKOTOPHIH KJjacc
GbyHKuHM (Hekoropast GyHKUUSA).

ITpocTeiitunMn npuMepamy (PYHKIHOHAJNbHBIX YpaBHEHHH MOTYT
cnyXutb: f(x) = f(—x) — ypaBHenue uerHoctH, f(x + T) = f(x) —
ypaBHeHHe mepuoauuHocT, f(x + y) = f(x) + f(y) u ap.

®GyHKuMa f(x) HasbiBaeTcsi peLieHHEM JaHHOro (YHKIMOHaJbHOTO
ypaBHeHHsl, ec/lH OHa YJOBJIETBOPSIET €My IIPH BCEX 3HAYEHHAX apry-
MeHTa B 0O/MaCTH ee ONpejeneHHs.

Hanpumep, ¢dyHKunu

f(x) = ax?, f(x) = sin 2nx, [(x) = ax,

rae a € R, fBASIIOTCA YacTHBIMH peLleHHWSIMH TNPUBEJEHHBIX COOTBET-
CTBEHHO Bbillle ypaBHeHHH, B 4YeM Jerko yOeAHTbCA NOACTaHOBKOIA.

Pewnrb (pyHKUHOHANbHOE ypaBHEHHE — 3HAYHT YCTAHOBUTb, HMe-
€T JIM OHO pelleHUst, H HaHTH UX, ec/Id OHU HMEIOTCH.

[Tpouecc oTeicKaHMA pelleHHs OlNpelensieTcss KaK NOCTaBJeHHON
11e/1bl0, TaK H OTPaHHYUTENbHBIMH YC/MIOBHSIMH, BbIPAXKalOLULUMH T€ HJH
MHble CBOMCTBA, KOTOPLIMH JOJIXKHA 00jaaath HCKoMas GYHKuus (MOHO-
TOHHOCTb, HENpPepLIBHOCTb, AH(pepeHHpYyeMOCTb H T. A.). TaK, HanpH-

Mep, YypaBHeHHe
fx + y) = f(x) + f(y)

B NpPeANoJOXKEHHH HENPephHBHOCTH HCKOMO# GYHKUHM HMeeT ejHH-
CTBEHHOEe pelueHHe [(x) = ax, HO €CAH ONYCTHTb 3TO YC/OBHE, TO
MOXKHO YyKas3aTb pa3pbiBHYI0 (YHKUHIO, YAOBJAETBODPSIOWIYIO 3STOMY
ypaBHEHHIO.

YKaxeM HeKOTOpDbHIe MeTOAbl pellleHHs (YHKIHOHaJbHBIX YpaB-
HEHHU#.

1. Metox Kouu 3ror MeTox COCTOMT B TOM, YTO pellieHHE
(YHKIHOHAJIBHOIO YpPaBHEHHS] OTHICKWBAETCS TMOCTEMEHHO AMA BCeX
HaTypaJbHbIX, LEJNbIX, PALMOHAJbHHIX, a 3aTeM M JAefCTBHTEIbHBIX
3HayeHHI apryMeHnra. $ICHO, YTO JaHHBIH MeTOJ] NpeArnojaraer BhIIOJ-
HEHHE YCJIOBHSl HENPEephIBHOCTH (PYHKUHMH.

ITpumep l. Pewum ypasHeHHe

fx + y) = f(x) - f(y). 0]

Pemwenune. Tlonoxus y = x, 2x, ..., Noay4yuM (no HHAYKUHH):

f(2x) = [*(x),
f(3x) = [*(x),

L A

f(nx) = f*(x). @
IMpuHaB B 3THX paBeHCTBaxX x¥ = 1, nosyuum:
f(n) = f*(1).

Cuuras f(1) = C,, umeeM aaa x € N: f(x) =
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m

[lonoxuB B paBeHcTBe (2) ¥ = —, MOJY4HM:

m
m

(2)-cf

n

flmy= (o) =C

OTKYJa

Takum o6pasom, a1s x € Q pelieHHeM JaHHOTO ypaBHeHHsi Gyner
f(x) = C*. Tlpeanonarasi, uto ¢GyHKuHMsA f(X) HenpepbiBHA, NOJYYHM:
f(x) = C* nna x € R, x > 0.

[TonoxuB B paBeHcTBe (1) x = 0, GyneM HMeTh:

fy) = FO) - f(y),
orkyna f(y) = 0, uau f(0) = 1 = C°.

[lonaraa B paBeHctBe (1) y = —x Haijem:

fO) = f(—x) f(x), 1 = f(—=) [(x),
fex) == == C"

Hrak, pasa moboro AeACTBUTENBHOIO X pellleHHeM ypaBHeHHs Gyjer
dyukuus f(x) = C*~.

2. MeToJl nNoACTaHOBEKH. Iror Merol 3aKJooyaerci B
TOM, 4YTO, NpHMEHAss BMecTO X (HJH y) DPa3/HyHble MNOACTAHOBKH H
KOMOHHHDPYA TOJIyYeHHble YPaBHEHHS] ¢ MCXOHBLIM, MoJy4aeM (0OGLIYHO
nyTeM HCK/AOueHHs) anrebpandyeckoe ypaBHeHHe OTHOCHTENbHO HCKO-
MO (YHKUHH.

I[Tpumep 2, Peluum ypaBHeHHe

f(+ﬁ+ft'ﬂ=m

x-+1
, 270) u
1 _z42
He) +2f@ =15 (3)
3aMenAa 2 Ha %, NOJTY YUM:
@) +2f (%) = ':21’. 4)
Hs pasencts (3) u (4) Haiiaem [ (2): [(2) = .5%21 _1__ w;

4x 4+ 5

3(1—x)
310 ¥ ecTh pelueHHE AaHHOTO ypaBHeHHS.
[Tpumep 3. Pemuum ypaBHeHue

2f(x + y) + [x — y) = [(x) (2¢¥ + €7,

M COOTBETCTBEHHO f(x) =
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Pewenue Bounonusas caenywolide NoiCTaHOBKH:
x=0,y=Lx=4Ly=2x=1 y=—=2,
NOJYYHM YpaBHEHHS:
o (1) + f (—1) = a (2¢' + e),
2[ B + [ (=) = [ () (2e* + &™),
2f (=) + T @) = [ () 27 + &%),
rae a = [ (0).
MckmounM u3 3THx ypasHenuil f (—¢) u f (3f). Ina storo BeuTeM
Tperbe ypaBHeHHe, NPEABAPUTE/bHO YMHOXKEHHOE Ha 2, M3 CYMMBI

MepBoOro ypaBHeHHsl, YMHOMKEHHOrO Ha 3, H BTOPOro ypaBHEHHs.
[Monyuum oflee pelleHye B HEBHOM BHIE:

6f (1) = 3a (2¢' + ) —3f () - ™™,

OTKyJa
2t —I—e-‘
fy=a- 2t

Sra QyHKUHS JAeHCTBHTENBHO YJAOBJNETBOPSET HCXOQHOMY YpaBHe-
HHIO, B 4YeM Jlerko yOeauThcsi NMpOBEPKOH:

20"t 4 ae" = a - €* (2¢7 + 7).

—a'et-

YNPAXHEHMUA

53. Tlokaxure, YTO CJAERYIOWUM (YHKLUHOHAJBHLIM YypaBHEHHAM

a) fx+y=7w+T)

6) f(xy) =1 ()

B) fx+y)=F®-[Q)

r) f(xy) =f(x)+ Q)
mHHwHJW—ﬂ—%MfWL

§ [+ = funw)
YIOBJIETBOPSIOT COOTBETCTBEHHO (YHKIHH
ax, x°, a*, log, x, cos x, tg x.

PaccmoTtpuTe HEKOTOpHIE CBOHCTBA 3THX (PYHKLHH, WCXOAf H3 CO-
orBercTBYoliero ¢yHKIHOHAJIbHOrO ypaBHeHHs (HanpHmep, YETHOCTD,
HEYETHOCTb H Ap.).

54. Pewure caepyomue $yHKIHOHAIbHbIE YPAaBHEHHA:

9 1(Z5) =205

6)f<x)+f(-——)=x;
B) af(x)+f( )= ;
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r) f(n) =f(n—1)+a* f(l)=1, néN, acR;

Il) n’(") —-1__ (n l)l("—l), neN;

e f(x+y)+f(x—y) =2f(x)- cosy.

55. Ilokaxkute, uto ecnu mpu x € R u nmocroanHom m € R cnpa-

1
BEJVIHBO paBeHCTBO f(x -+ m) == —l%ff—(('—"% 10 f(x)
¢yHnkuusi. Halinute npumep Tako# QyHKuHH.

56*. Pewmure chaenywouue (yHKIHOHAAbHbIE YDPaBHEHHs:

a) f(x) = [(2x);
6) | Yy _tH+FO .
2

2
B) f(x+y)+2f(x—y)~3f(x)—y,
Nfx+y=7Ffx -+
X) f(x+y)—2f(x—y) ) — 2f) = y — 2.

— nepHoaHuYecKasn

§ 5. «HecranpaprHbie» ypaBHEHMS M CHCT@MbI YPaBHEHUM

O6uei TeopuH pelleHHst ypaBHeHUH M CHCTEM ypaBHeHHM# paccMar-
PHBAaeMOro THNa He cyuecTByeT. B mpoiecce pelieHusi WX HCNOAB3YIOT
TaKHe CBOHCTBa BXOASAIMX B YpaBHeHHe (PYHKUHI, KaK OFpaHHYEHHOCTD
(cBepXy WJIH CHH3Y), MOHOTOHHOCTb, UETHOCTb H/JIH HEYETHOCTb H Ap.

PaccMoTpuM npuMepht.

ITpumep 1. Halinem napn Ae#CTBHTENIbHBEIX HHCEN X H y, YOOB-
JIETBOPAIOLIUX YPaBHEHHIO

X2+ 4xcosxy + 4 = 0.
PeweH ue MoXHO NPEeONKHTL HECKOJNBKO CNOCOGOB pellieHHs
RaHHOrO YpaBHEHHSA.
I-t cmoco6. IlockonbKy ypaBHeHHe SABJASETCs KBaApaTHHIM

(ecnn He cYMTATH X NOA 3HAKOM KOCHHYCA), TO BbIPa3HM X 4epe3 TpH-
roHOMeTpHUecKHe (GYHKUHUH yria xy:

x = —2cos xy+ V4 cos? xy —4 = —2 cos xy &= 2/ —sin®xy.

Tak Kak o YCJIOBHIO X H y — JeHCTBUTE/IbHBIE UHCAa, TO — sin? xy > 0.
310 HepaBeHCTBO BBLINOJHMUMO JHWb npu sin xy =0, T. e. npw
xy =kn, k €Z.

Tenepr uMeem:

X = —2cos xy = —2 cos kmn.
Ecnn k yerHoe, To cos kn = | 1 x = —2, a notomy y = nm, n €Z;
€CJIH XKe & HeueTHoe, To Cos kit = —1 H X = 2, a noToMy y = % 2m +

+ 1), rtne m € Z.

2-ficnoco6. Ilpeobpasyem ypaBHeHHe TaK, 4TOGLI B JIeBOM
YacTH NOJNYYMIaChb CYMMa HEOTPHLATeNbHBIX uiices, HalpuMep MyTeM
npH6aB/eHHA M COOTBETCTBEHHO BLIYWTAHHS Mo 4 cos? xy. Tlonyudaen:

(* 4+ 2 cos xy)* + 4 (I — cos? xy) = 0,
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HJIH
(x 4+ 2 cos xy)? + 4 sin® xy = 0.

[TockonbKy cyMMa KBaApaToB ACHCTBHTENLHEIX YHCE] paBHA HYJIO
TOrJa, KOrja PaBHO HYJIO KaXKfoe cjaraeMoe, NPHXOAHM K CHCTeMe:
x + 2cos xy = 0,

sin xy = 0,
pewuB KOTOpYlo, HaWfeM Te XKe 3HayeHHsa X H Y.
I[Tpumep 2. Peiuum ypaBHeHHe

Actexy] o log, (9y* — 18y + 10).

C 2
0s” Xy 5

Pewenue. Bocnonpsosarbes cnocofamH, paccCMOTPEHHEIMH NMPH
pellenun npumepa 1, 3gech Heab3s. [lonbiTaeMcs HMCNoONb30BaTh CBOH-
CTBO OrpaHH4YeHHOCTH (YHKUHH.

C omHOH CTOpOHBI,

fetgxyl _ [ctgxy | 2
cos® xy cos? xy sin 2xy '
1 COOTBETCTBEHHO 'dg—zxyl- —2>0.
cos* xy

C npyro#t CTOpoHHI,
log, (9y* — 18y + 10) = log, O (y — 1)’ + 1) <O,
K 3

TaK Kak 9 (y — 1)* + 1 > | npu /MoGLIX 3HAUEHHAX Y.

INockonbKy JieBasi 4acTb ypasHeHHsi HeoTpHuATeNbHa NpH X, ¥ € R,
a mpaBasi — He GoJbllle HyJs, TO, A/ TOTO 4TOObl YpaBHEHHE HMeENO
pellieHHe, JAO/MKHA HMeThb pelueHHe CIeAyIOLlas CHCTeMa:

2
- =2,
sin 2xy

log, (9y* — 18y + 10) = 0,

3

{]sin 2xy| = 1,
9y* — 18y + 10 = 1,

peliasi KOTODYIO MOJydaeM: X = % + %, y=1, keZ.

COOTBETCTBEHHO

I[Ipumep 3. Peium HepaBeHCTBO

2 —2cosx+Vy—x—1<L0.

Pemeunne Tlockombky y —x2—12>0, To y 22+ 1 u
COOTBETCTBEHHO 2Y 2> 2.

Taxk Kak cos x 1, To —2cos x > —2. CknaauiBas Tenepb He-
PaBEeHCTBa OJHOIO CMhbIC/A:

29 >2 —2cosx>—-2 Vy—x—120,
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nosy4yaem:
Sy — ¥
2 —2cosx+Vy—x 1> 0.
CpaBHMBAas 3TO HePaBeHCTBO C HCXOAHLIM, NMPUXOAUM K BHIBOAY,
YTO YCJIOBHMIO 33Ja4H JOJIKHBI YJOBJNETBOPATb TOJNBKO Te 3HAuelyus X

¥ y, NpH KoTophix 2¥Y — 2 cos x + Vy —x* —1 = 0, uTo BO3MOKHO
auwb npn 2¥ = 2, cosx = lu Yy —2—1=0.
Pewas cucremy:

o =9,
cosx =1,
Vy—x*—1=0,

nonydyaem: y =1, x = 0.
[Tpumep 4. Pewum cucremy ypaBHeHHIi:

tg? x + ctg®? x = 2sin?y,
siny 4 cos’z = 1.
Pemenwue tg®x -+ ctg?x >2, tak Kak a—}—%}? npu

a > 0. IockonbKy mnpaBas 4acTb nepBoro ypaeHeHus 2 sin®y < 2,
TO MepBOe YpaBHeHHe NOJIKHO BHINOJHATLCA TIPH TeX SHAYCHHAX X U Y,
KOTOphIe Y/OBJETBOPAIOT CHCTEME:

tg? x + ctg? x = 2,
2sin?y = 2,

M3 sToporo ypaBHeHHs HCXOAHOH CHCTEeMBI MoJydaeM: cos® z = 0,
IU
OTKyRa 2 = ?+ am, m € Z.

Pelias nosy4eHHYIO CHCTEMY, HaXOAHMM:
n 1 n
=T+—l)_k' ='E'+ﬂn, k, nez—

[Tpwumep 5. HalineM Bce sHaueHus @, npU KOTOPHIX CHCTEMa

2 4 (a + 1) by? = @,
{w—nﬁ+f=1
uMeeT XoTa Obl OAHO pelueHue aas atoboro 3HaveHus b, (a, b, x, y € R).
Pemenne. Ilpeanonoxum, uTo CYyLIECTBYeT HEKOTOpoe 3Haue-
HHe @, NPH KOTOPOM CHCTeMa HMeeT XoTfl Obl OJHO pelieHHe, HanpuMep
g b = 0,
B stom ciyuae cucrema npumer BUA:

1 = a?,

a— 1) +y3=1.
$IcHO, uTO 5Ta CHCTEMa COBMECTHA JIMIUL NpH @ = | wau npu a = —1.
CnepoBarenbHo, ecin b = 0, TO NPH 3THX 3HAYEHHAX 4 MCXOAHAR CH-

creMa coBMecTHa. JlokaxeM Temepb, YTO HCXOAHasa cHcieMa Oyjer
coBMecTHa Ans Jo0oro 3HayeHuns b.
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IMycts a = 1. Toraa nucxonHasi CHCTEMa NPHMET BHA:

2% 4 9by? =1,
y = 1.

W3 Broporo ypaBHeHnHs HaxoauM: y = 1 (no ycioeuio y € R). Iog-
ctasuB y = | B mepBoe ypaBHEHME, IOJTYUHM:

2" = 1 — 2b.
1
Jlerko 3aMeTHTh, 4to Npu b 2> Y 3TO YpaBHEHHE He HMEeT pelleHH].

3nauuT, Npy @ = | JaHHaA CHCTEMa MMeeT pelleHHs, HO He A3 Jo6oro
3HayeHHa b, T. e. 3HaueHHe a = | He yJOBNETBOPSET YCJIOBHIO 3aJauM.

ITpoBepuM Tenepn: @ = —1. Toraa ucxoanas cucreMa npumer BHA:
9" =1
{—Qx3 +y¥¥=1

CoBepwieHHO OUEBHAHO, YTO MEPBOE YpaBHEHHe HMeEeT pelleHHe

x = 0 npu mobom b. Torga y = 1. 3Hauur, ycn10BHIO 38a4H YAOBJIET-
BOpsieT Jullb a = —1.

YOPAXHEHMKUA

57. Jlokaxwure, YTO ypaBHEHHe

¥ —xsinxy+1=0
He MMeeT pelleHHH.

58. Haiinute Bce mapul A€ACTBHTENBHBIX 3HAYeHHH X W y, KOTOpbIE
YAOBJIETBOPAIOT ypaBHEHUAM:

a) sin 2x 4 cos (x + y) = 2;
6) 4" ¥ — 2" " %eos xy 4 2V = 0
B) tg® x + 2tg x (sin x + cos y) +2 = 0;
2
r) (sinzx +— ) + (cos*x—}— L) = 12 4 Lsin xy;
sin® x cos® y 2
n tgtx 4+ tgty 4+ 2ctg? xctg?y = 3 + sin® (x + y).
59. Pemute HepaBeHCTBa:
aycosx >y +Vy—xt—1;
6) y >|secx| +V1I—y—x%
B) x— |yl > 14+ V4 y—1.
60. Haiipnte o6t BUA pellieHHsT CHCTEMBI:
[mx=@w—4»
tgy =tg @—x).
61. Haidinure peficTBUTENbHBIE peIEHHA CHCTEM:

a) {x3+4y2+5=4z,
x—y 2z
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6){x2+y2—|—20=z,

8x + 4y > 2.
62. Haigure npeiicTBUTE/NbHBIE pelleHMs] CHCTEMBI:
x+y+2z=2,
2xy — 2° = 4.

63. Jloka)kure, 4YTO €C/IH TPH UHCJIA X, ¥, Z YAOBJIETBOPAIOT CHCTEME
ypaBHEHHUH:

’

X + y +2z2=a,
1 1 1
x y z a
TO XoTs Obl OHO M3 3THX YHCEJ PaBHO 4.
64. Haiigure Bce 3Hayenus @, NpH KOTOPHIX CHCTeMa

{QHI +¥l=y+ 2 +a
¥4y =1
MMeeT TOJBLKO OFHO pellieHHe.
65. Haiigure Bce 3HaueHHs a U b, NMPH KOTOPLIX CHCTEMA
x¥—1 I _
’ xY 41 ’
X4 yr=b

MMeeT TOJBKO OfiHO peweHue (a, b, x, y € R, x >0, x = 1).
66. Haiigute Bce 3HaYeHHUs1 @, NPU KOTOPHIX CHCTEMa
@+ D24 B4 1) =2,
a+ bxy + xty =1
uMeer xoTs 6Bl 0qHO pelleHHe Anda joboro b (a, b, x, y € R).
67. Onpenenvre, NPH KaKuX 3HaYeHHAX MapaMeTpa a CHCTeMa
{ax2+a— 1 =y — |sin x|,
tg?x +y2 =1
HMeeT eUHCTBEHHOe AEeHCTBUTENbHOE pelieHHe.
68. Jlana cucrema:

x¥=a, x >0,
arctgx=-j—+y.

[Tpn KakuX 3HAUEHHAX @ cCHCTEMAa HMeeT efMHCTBEHHOE pelleHHe?
69. Haiigure Bce 3HaueHHsA a, NPH KOTOPHIX CHCTEMA

lx*‘—ay*‘ = %(a-i- 12,
B taxty +xyt =1

nMeer xorsi Obl OHO pelleHHe H Jo0oe ee pelleHHe yIOBJIETBOpSET
ypaBHeHuio x +y =0 (a, x,y € R).
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70. [daHa cHcTeMa YypaBHEHHH:
X .
— -+ sin x = a,
y
y : .
~ 4 siny = a.
X
[Tpu Kakux 3HaueHHAX @ CHCTEMAa MMeeT eAHHCTBeHHoe pelleHHe, YIOB-
JerBopsoiee ycaosuam: 0 < x < 2n, 0 y < 2n?

Frmaesa Il

CPEAHEE CTENEHHOE M ErO NPHUNOXEHNA

Bripaxenue Buja

Co (a) =

(1)

Ha3LIBaeTCA CPEOHUM CMENeHHbiM TIOPSAKA O MOJIOXKHTEAbHLIX UHCe
ay, Qgy «-ey Qp.

(a‘f-}—ag‘-i— o+ ag‘)_('z.
n

B yactHOCTH, NpH o = —] mosyuaeM cpedree 2apMOHuteCKoe
n
Chl@)= I 1 T
-+ =+..+—
! az Un

npu & = 1 nonyuaeM cpedree apugpmemuuecxoe
Cl(a) — @ +a+...+a,,

n

npu o = 2 nojyvaeM cpednee keadpamu4roe

o ) TR

n

OTMeTHM HEKOTOpble CBOACTBA CPEIHEr0 CTENEeHHOro:
1°. Hmeem mecmo caedyrouiee pasercmso:

lim Cq (@) = G, @)

a-0

[
2de G =V aa, ... a, — cpednee eeomempuueckoe. TlostoMy mnpumeM

n
C, (@) = vV aya, ... a,.

20. Hasn aoboix Oedcmsumensvrolx o u B, maxux, umo a < B, umeem
MECMO HepaseHcmeo (C60LCcmeo MOHOMOHHOCMU):

Co (@) < Cp (a). 3)

3% [Tycmos min @ — HaumeHbuiee cpedu Hucea a, ay, ... Ay, Max a—
nauboaviuee cpedu smux sce wucea. Toeda

lim Cy (@) = min a, lim Cy (@) = max a.
O =00 [« R )



Orciona BhITeKaeT clefyiollias eNoYKa HepaBeHCTB:
mna<..<C, 0,6 LGKLC ... € maxa.
PaBencTBO HacTynaer JIMUIb NPH @) = Gy = ... = Q.

§ 1. JlokasaTtensCcTBO HepaBeHCTB

ITpumep 1. JokaxeMm cieayiouie COOTHOLLEHHS:
a) In C, (a) Cl (In a);

6) (Ca< Cl (a)v
B) C; (ab) < C, (a) C, (b);
r) G (@ C (b)) = C, (ab).

Fl
Pemenune a) lnCo(a)=lr11n/ala2 . Ay =

= %(in a, + Ina, + ... 4+ Ina,) = C, (Ina).

!

6) 3anuueM cpegHee creneHnoe A a*:

cala®) = (( i) () 4o ))37 (e @

n

Bossens ato PaBE€HCTBO B CTENEHb &, IOJYUYHM:

(Ca (a%?))a = () (a).

C, (ab)
B) [Tonpo6yem noxasars, uro —-——— < 1. Umeem:
) pody A T C, (a) C, (b) <
C; (ab) — ab, + ... +ab,
C; (a) C, (b) nC, (@) Cz (b
B bn ) <
n (Cz (a) Cz (b) Lo + G, (a) G, ()

(C (a)) Co (b)\)2

<1

n
l( +ad4 ..+ ad b bnt ..+ B
2 n (C, (a))? n (C, (b))?

4ok

a, \2 b, \2
(02 (a)) +(Cz (b)) )=

2

)_?(wl) L.

3}18Cb ObIVI0O HCNOAL30BAHO HEepaBeHCTBO BH/A
1 : J
X < ‘E (xz ’l' y.!)’
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KOTOpOe, KaK H3BECTHO, MEepPexXOoAlT B PaBelCTBO INPH X = y, B HalleM

! b, Uy a .
cayyae npy —— = —— ., A= , 1. e. IpH
Cy (@) C, (b C,(@ G,
4 _ &
by by T b,

3aMmeuaHue. HepaseucTBo B) pPaBHOCHABHO HEpPaBEHCTBY
Bynsakosckoro — Kouun:

ab, + aby, + ... -+ azb, < l/af +art o+ a2 x
XV b4 2 4 .+ 82,
r) Ucnonb3ys HepaBeHcTBa 6) W B), nojyyaem:
G (@G (0) = (Ca(Va) (Ca (VO > (Ci(Vab)* =C 1 (ab).
2

ITpumep 2. llokaxkeM HepaBeHCTBO
R p—  kp— k— ' Yars
]/x1+1/x2+...+]/xk<nl/%,

€CJH xl>0, kEN, xl+x2+..-+xn=ao
HoxasarenbctBo. Ilpu £ > | umeer Mecto HepaBeHCTBO

(cBoifictBO MOHOTOHHOCTH): C | < Gy,
"

T. €, L L L\k
(xlk +ka +--~+xnk) < x1+xs+-n+"n'

n n
Orciona cmepyer, uto
(’Vz+$/?.+...+’{fx7)k<g
n o n

H
k k— 2 b r—
Vi, + V%4 +Vx, <‘nl/%’ 4T0 U TpeBoBa/NOCh NOKA3aTh.

[Tpumep 3. Hokaxem, urto eciu n>m >0, >0, i =
=1, 2, ..n1 T0
(@r +af + .. +am) (@ +al—" + ... 4+ ai=") 2> nfa,q, ... ay,.
Pewenne Hcnonb3ys ouesuaHuie HepaBeHCTBA:
Cn 2 Cor Cpop 2 Co,
TOJIy YacM:
p———
an + ap + ...+ ar > ny (aa, ... a)",

n
ai—m 4+ a4 L a2 oy (044, ... @)

37



[ocne nepeMHoXeHHs ABYX MOC/JAENHHX HEPABEHCTB, MOJy4yaeM HeoG-
XOAHMMBIH pe3yJbTarT.
[Tpumep 4. [JokaxkeM HepaBeHCTBO

(@ + axx, + ... + anxn)(i—: + z—z + .+ %)>(V¢E++V5;b_n)”,

e Bce a;, b;,, x;, — nelicTBUTEJbHBIE NOJOXKHTENbHbIE YHCIA.
Pewmenue. BHepaBenctse ByHﬂKOBCKOI‘O — Ko (npumep 1, B)

3ameuM a; Ha V ax;, b, na ]/bi Toraa npoussesenus ab; 3a-

MeHsTca Ha V ab;:

c,(Vax) C, (]/%) >Cl(Vax ]/%)
OTKYyZa 6yIeT c/efoBaThb HCXOAHOE HepaBeHCTBO.

ITpumep 5 Hokaxem, yro ecin A, B, C — yrjbl TpeyroibHu-
Ka, TO

+ sin® 2. + sm“-cé—

1 \&
>3(3) 1)
2
npu a > 2.
Peumenue CHauana 3anuiieM (B U1y CBOHCTBA MOHOTOHHOCTH
CPEJIHEro CTEeNeHHOro) HepaBeHCTBO

~ -~ 1 /\ /\ o~ 1

— —

A B
sin® ; + sin® Y +sin®* — ¢ Sll’ls + sm"’" + smz 2

2
3 > ; . @

Tak Kak
sin? -’25- -+ sin’-g- -+ sin"‘% p -2- (noxaxwure!),

TO HEPaBEHCTBO (2) NMpHMET BHA:

i~ 1

A B
P PO in% — (%
sin > -+ sin 5 ~ sin 5

1 1
Zl—=) =—
3 Z\4 2’
OTKYJZa J1€erko NoJyduTb HepaBeHcTBO (1).
[1puwMep 6. [lokaxxem HepaBeHCTBO

RE g 4 hE > 3 (3,

rne o > 1, &« € R, hy, hy, hy — AJIUHBI BLICOT TPeyrojibHHKA, r —
MJIHHA pajlyca BIKUCAHHOH OKPYXKHOCTH.
PeweHnue. 3ametxaeM 41O

Iy + hy -+ hy = + +——-QS(“1+—;}-+—}),

rae S — mowWaAb TpeyronbHuka, a, b, ¢ — AJUHBE €70 CTOPOH.
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Ho
(a+b+c)(%+%+})>9,

TaK Kak C, > C,, C, > C_,. TosTomy
9  _S.9_
byt by 4y > 28— = 2 = 07
(HanoMHuM: S = pr). Tenepbp MoxeM npumeHutb cBodicTBO Cqo 2 C
npu o > 1:

1
W+ h% 41 \o
( 1+32+ 5 )a>h,+h;+h3 >3,

OTKYZa
B+ B + K > 3 (3r)

npu o > 1, uro u TpeboBasioch A0Ka3aTb.

I[Tpumep 7. B TpeyronbHHK BnucaHa OKPYKHOCTb pajHyca r H
TMIOCTPOEHBI TPH OKPYKHOCTH PAJHYCOB ry, Iy M rg, Kacamolluecs ABYX
CTOPOH TPEYTroJIbHHKA H BIHCAHHOH OKPYXXHOCTH. JloKaxkeMm, uTO BHI-
TMOJIHAETCA caeayloliiee HepaBeHCTBO:

)™ + ) + ar) >3 ()" M

npu m }%.

Pemwenue. Ilpu pemennn 3anas nono6GHOro THna cHayana Hajo
PelHTh YHCTO FeOMETPHYECKYIO 33aJady, a 3aTeM yXke NPHMEeHHTb CBO#M-
CTBa CPEJHEro CTENeHHOro.

Bripasum Bce papuychl ry, ry, rs Yepe3 r M BeJIHYHHBI YIJIOB Tpe-
yroabHuka ABC.

OueBupHo, uto (pHc. 6)

r—n —sin 4,
r+n
Orciona
~ 8
n=r tg2 z : A.

Ananoruyso
n—7C 0
4 " 0, i r-r
Tenepp 6yaeM nomapHo KoM- y K
OMHHpOBAaTb MNPOM3BEACHH pa-  j C

JHYCOB, CTpPeMscb HaiTH CBA3b
MeX]y KOMIOHeHTaMH B ¢opme Puc. 6

n—B

ry =rig? , rg=rtg?
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riro+rars+rery. Takas MoNbITKa MPHBOAHUT K BEIYHC/IEHHIO CYMMBI NTPOK3-
BelIeHHH KBaJpaTOB TaHIeHCOB, HaliTH KoTopyio TpyaHo. [lonbiraemcs
BLIYHCAHTb CYMMY KBaJpaTHbIX KOpPHeil H3 KaXIOro nonapHoro npous-
BeleHHs pagnycoB. Kmeem:

Vi, +Virr, +Vrn =r(tgn_—A-tgn—B -

4 4
ﬂ—§ R—E H—E ﬂ—Z
- . t. 't .
—|'tg4 tg4+g4 g4) (2)
3ameuaeM, YTO
n—A4 n—B  a—C =n
a+pf+y= 1 + n + 7 o

[Tpu TaKoii CBA3H MeXAY BeJHYHHAMH YIJIOB TPEYTObHHKA HMEET MECTO
TOXXIECTBO

tgatgP +tgPtgy Ftgytga = 1. 3)
B caMoM aeJie, HCX0a4d H3 paBEHCTBa
I
o+ p= PR

nojyyaem:
_—tga—{-tgﬂ =ctgy = l_,
1 —tgatep tgy

OTKYAa JIETKO TOJIYYaeTcss TOXAecTBo (3).

Hrak, BoipaxkeHHe B ckoOKax npaBoil uacTH paBeHCTBa (2) pasHo 1,
No3yTOMY

Tenepb, npuMeHan CBOWCTBO MOHOTOHHOCTH CpeaHero CreneHHoro

Chnz2C, mpu m> —;—, noJyyaeM:

2

1 2
((’1"2)'" + (rarg)™ + (’3’1)"’)—’7‘- > (V'l’2+V’2-"3+]/'3’1 )

3 3
OTKyAa caeayer paBeHctBo (1).
YNPAWHEHMUSA
71. Jlokaxure craenyioulye CBOHCTBA CpPEAHEro CTeneHHOro:
1° Gy (a + b) = C, (@) + C, (b);
2 = Cola)
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30. ] = Cl l‘ ,
C-l a
4°. G, (ab) = C, (a) C, (b);
5% Cq (ab) = Cu (a) Cq (b), (@ = 0),
Cx (ab) < Ce (a) Cq (b), (2 < 0);
6°. Ca(a+b)<Ca(a)+Ca(b) (@ > 1);
Co (a +b)>Ca(a)+Ca(b) (@< ).

72. [loka)xute HepaBeHCTBA:
a a an— a
a) 4% oty
as ag Qn a;
1 1
6) (a1+...+an)(—-+...+—)>n
a an
73, Ilyctb by, by, ..., b, 06pa3yioT HEKOTOpYIO NepecTaHOBKY IMo-
JIOXKHTEJbHBIX YHCEN @y, 4, ..., ,. [IpH KaKoH nepecTaHoBKe cyMMma
a
] + % “+ .4 —l;ﬂ NpHHHMAaer HaHMeHbluee 3HaYeHHe?

by by n
74. Jlokaxurte, 4TO €C/IH x1 + x, + ct+x=8 x>0, 10

n?

— + -l— + -
X S
75. Jlokaxwure HepaBeHcma
a) log, V% +loga V% + ... + loga, Vx> 10g‘/ _ %,
~a
rneaq; >1,x>1,n€N;
1 1 1
6 >n(n— -
) logﬁ,a, ...anal + Ingla, .. a,% ek lOga,a an-la" > )

76. Joxaxkurte BbIIOJHHUMOCTh HEPaBeHCTBA ,
a2 +a°‘*6> a4 ...+ ay

2
al+ ...+ a? a’l"_B + .-k a"“‘B

77. Ucxopsn w3 HepapeHctBa DByuskosckoro — Kown, aokaxute
HepaBeHCTBaA:

Q 2ibi O 4 > . 2.
a)zc_g_b;—/ Zal »

i=

‘/zbilna ‘/Zl’% >nnC, (a).
=l

78. Ilokaxure, uTO COMpPOTHBJIEHHE 1 IMOC/AEL0BATENbHO COEIHHEH-
HbIX NPOBOAHMKOB MPEBLIIAET CONPOTHBJEHHE TeX »Ke MPOBOAHIIKOB,
COEJHMHEHHBIX MapaljenbHO, He MeHee yeM B n® pas.

79. Teno npoxoaut nytb AB paBHBIMH YacTAMH, NPHUYEM CKOPOCTb
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ero no KpaiiHefi Mepe Ha IBYX yyacTkax pa3auyHa. OOpatHuifi nyTb
OHO MNpOLLIO PaBHOMEPHO CO CKOPOCTbIO, PAaBHOH CpeiHeMY apH(pMeTH-
YeCKOMY CKOpOCTeH, KOTOPbIMH 00/1aiaJlo Te/10 Ha OTAe/NbHBIX y4YacTKax
nyti AB. Ha kaxofi nyTb yuwio 6oJiblie BpeMeHH: Ha nyTb AB uau
Ha nytb BA?

80. He moab3ysach Tabauuamy, 10KaxHure HepaBeHCTBaA:

a) cos 10° + cos 50° - cos 70° > %Vg,

6) VIFI0 + VIF50 + VIg 700 < 3y 7.

81*, IlokaxuTe cjepyiouiie HepaBeHCTBaA:

a) x*y» L ax+ Py, ecmna +p=1,a >0, >0,x >0,y >0.
" n s n B

6) ¥ xy* < (Z xt) (._;‘ )’1) ,
i=1 {=I1 (=1

ecmoe +Bf=1a>0,B>0x% >0y >0.
82, JlokaxkuTe HepaBeHCTBO

(nx]* > n"[x][x-!— ] [—i—n“l].

n

rae cuMBoa [@] — PYHKUHA «aHTbe»,
83. Iokaxure HepaBeHCTBO

n 1/(1’ (may ... a,) < @ (a) + @ (@) + ... + ¢ (a,)

npu (@, a)) = 1, i % j, rae ¢ (a) — dynxkuusa dinepa, nokaswisammas
YHC/I0 HAaTYpasbHBIX YHCE/, MEHbIUHX @ H B3aHMHO MPOCTHIX C 4.

84. HmeeM nmocnenoBaTeNbHOCTb YHCEN Uy, Ugy veey Uny ooy B
KOTOPOH Uy = Uy, Un = Uyq + Upsp-

Tlokaxure, uro:

Upl m
8) i - "t > () g > 1

3

6) u - u* > u;,’;_‘l' npu k > 1

B) (s1Us)™ + (Uatty)™ - oo + (UynyUon)™ 2 2 ™udm ipu m 2> 1.

Hokaxute MeTpHUECKHE HEpaBEHCTBA B TPEYroJibHMKe, CYHTas
yrant A, B, C ocrpuiMu (Ne 85—92):

85. ) — +——+-—L >21% ) —+-L +-L >6.

”~~ o~

sin A sin B sin C A . B . C
sin 3 sin—  sin—

2 2
86. a) il/cosz + Vcosﬁ + V&Egs]"/g;

" Cm., nHanpumep: Bopo6bes H. H. Yucna Oubonayus. M., «Hay-
ka», 1969,
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6) VsinA+ VsinB + i‘@m&g:&f/@,nen

87. a) + + >3:2% npu a > 0;

a

—

3 (%)2 mpu o > 0,

=)
+
+
V

\

)a npu o > 0;

8. a) ——+—— 4+ —1 >3 (i_
sin® A sin® B sin® C V3
6) ——— + — — 1+ 1 >3.9 ppua>0.

cos™ A cos* B cos* C
nf——= n — n = no S
89. Vsin24 -+ Vsin2B + Vsin2C <3 V V—;’
90. tg* A +tg*B +1g2C >3 (V3)* mpu o > 0.

91. ctga,?1+ctga§+ctga6>3 (%)“ mpH @ > 2,

>3 (V3)* mpna>1;

92, a) ctg“ + ctg“ + ctg

wlm

6) tg“ +tg°‘ +tg°‘ >3 V—l-) npu o > 2,
93. Ecom a+ﬁ—]—y=%, TO

Vigatgh+5+Vigatgy +5+1Vtgptgy +5 <4 V3.
94, r® 4 r¢ 4 r* >3 (3r)* mpu a>l

o /2 T i/

o (23 ] S e .

9. Vp<Vp—a+Vr—b+Vp—c<V3p.
97.a) -+ b2+ 2 >4SV'3; 6) at bt ¢t > 1683

B) a2~+b2n+c2n>3(V3)
98. ab + bc +ca > 4SV'3.

1 1 1 9

9. -

o p(a+b+b+c+a+c)>4
1 1 1 ‘1 1 1 9
0. -t — 4 — y
10 p—a+p——b+p—c>2(a+b+0)>p



101. dokaxkute HepaBeHCTBO
R? 4+ RZ 4+ RZ > 3R,

rne R, R,, R,, R; — AIMHB DPajHyCOB OKPYXKHOCTeH, OIHCAHHBIX

okoJio Tpeyroabiukos ABC, BEC, CEA, AEB, rpe E — ueHTp OkK-

PYKHOCTH, BniMcaHHoi1 B TpeyronbHHK ABC. Hafitn HauMeHbluee 3Have-
HHe OTHOLUEeHHS

RY + R} + R’}

% npu a > 2.

102. Okono Tpeyrosbliika oTfikcaHa OKPYKHOCTb paguyca R. Tlo-
CTPOEHbI OKPYXKHOCTH PAaAHYCOB 7y, Iy H I3, KaXKAas H3 KOTOPhIX Kacaer-
csl ABYX CTOPOH TPEeYyrosibHWKa ¥ OMHCAHHON OKpY»KHOCTH. Jlokakure
HepaBeHCTBO

r L<ry+rp +rs < 2R.

103. B okpyxnocth Bnucan TtpeyroabHuk ABC. Tlpogonxenus
ero MeJHaH NepeceKaloT OKPYXKHOCTb B Toukax A,, B;, C;. Jokaxmwre,
4TO:

rae M — TOUKa InepecevyeHyds MejliaH.

104. Ilycrb x, y, 2 — OTpesKH KacaTesqbHbIX K BIIHCAHHOH OKpYX-
HOCTH, 3aKJIOYEHHBIE MEXJY CTOPOHAMH TpeyroJbHHKa H napajfenb-
Hble COOTBETCTBYIOILUM cTOopolaM. JloKaXkuTe HepaBeHCTBA:

X \E [ yNE 2\ . SP - 83+ Sy
e R IR

< <3 mpra>l,

rae S;, S, S3 — MUIOLIAAH OTCEUYEHHBIX TPEeyroJbHHKOB.

105. Ilyctb x;, y;, 2, — PacCTOSIHMS OT LIEHTPA BMNHCAHHOH OKPYXK-
HOCTH JO BEpIIHH TPeYrOJLHHKA, Xg, Vs, 23 — PACCTOAHHS OT LEHTPOB
BHEBITHCAHHBIX OKPYXKHOCTEH COOTBETCTBEHHO JO TeX e BepLIMH.
Jlokaxure, 4TO

x; \& @ 2 \o —
(o )+ > e
X3 Ve 25
106. Ilycts x;, X, X3, X, — PaccTOAHHA OT UEHTPa OMUCAHHOM
OKOJIO TPeYroJbHHKa OKPYXHOCTH paguyca R Jo LeHTpa BIHCAaHHO#H
H BHEBNHCAHHLIX OKpYKHocTel. Jlokaxure, uro
55+ x5+ 25 >4 RV3)*npua > 2.

107. B BepumnHax TtpeyroibHHka ABC npoBeieHbl KacaTeslbHbie
K OMHCaHHOH OKpyxKHocTH paauyca R. Ilycts a;, a,, ag — AKMHLI
CTOPOH noJy4HBuerocs Tpeyronsuuka A,B,C;. lokaxure, uto

al +a3 +a3 >3 @RV 3 npua > 1.
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”~ ~ Ea) ~
108. A, B, C, D — BeqnuHHBl BHYTPEHHHX YIJIOB BIHCAHHOTO
B OKpYXHOCTb uyeTbipexyroibHnka ABCD, S — ero mnsouwans, p —
nosiynepumerp. Jlokaxure, uTo NpH & 2> 1 BLINOJHAIOTCS HepaBeHCTBa:

a) sin* 4 4 sin* B + sin*C + sin*D > 4 (4—S)a;

”~~ L) /\

6) cos* % + cos“% -+ cos°‘ + cos“ (__i)

B) sin* 2 4 sin 2 4. sina-c- +sine2 > (_ );
2 2 2 p

) tg* 2 +tga + tga 2>4-

109. B n-yroJbHHK BIIHCaHa OKPYXKHOCTb, TOYKH KacaHHs nocJe-
JIOBaTe/IbHO COefHHeHbl. M — Npou3BOJIbHAA TOYKA OKPYXKHOCTH,
P1s P2y «+sy Pn — PacCTOAHMA OT M JO CTOPOH BNHCAaHHOrO MHOTO-

YrOJIbHHKA, Gy, (g, «++y Gn — PACCTOSHUA OT M JIO CTOPOH ONMHCAHHOTO
MHOTOYTOJBHUKA.

JlokaxuTte, 4TO (Z‘) —}-(q) + .. -I—(p") >nopn a >0,
1 2

110. B oxpyxHocTb paguyca R BNHCAH MPaBUILHBLIN N-YTOAbHHK.
[ycerp x;, %4, ..., Xn — PACCTOAHMSI OT NPOH3BOJBLHOH TOUKH OKpYXK-

HOCTH JIO BepIUHH MHOTOyro/bHHKa. Jlokaxure, uro: a) C, (x) = RV'?;
6) C4 (x) = RY/6. INonyuure HepaBeHCTBO

K+ e+ <RV mpua 2.

111. Okoso OKPYKHOCTH paaHyca r OMHCaH NPaBH/IbHBIA 271-yronb-
HUK. M3 npousBosbHOH TOuKH M OKPYXXHOCTH ONYLIEHbl NEPEHIHKY-
Jmpu Ha Bce ero CTOPOHb! (MM Ha MX mpoxomxenus). Ilycres x;, x,,

..y Xn — paccTosHHS OT M 1O CTOPOH MHOroyroibHHKa. Jlokaxure,

yTO: a) C, (x) = r; 6) C; (x) = r V'1,5. Tloayunte HepaBeHCTBO
X 4 x5 A+ X2 20 npu o K L
112. B TpeyronbHo#i nupaMuie C MNpPAMBIM TPEXTPAHHBIM YIJIOM

npu BeplUHHe ABYTPaHHbIE YIVIBI NPH OCHOBaHMH paBHH a, f, y. doka-
HHTE, YTO:

a) cosa cos fcosy < V—, 6) cosa 4 cosP + cosp < V'3;
9

1 1 1 2
B >23° nmpun22.
) cos®a  cos"P cos™ y Z P Z

113. JIuaronanb npsMOYroJbLHOro napajieienunefa obpasyer c
TPeMs ero rpaHsiMu yrisl o, P, y. Jlokaxute HepaBeHCTBa:

a) sina +sinB +siny < V'3; 6) cosa 4 cosP + cosy < V6;
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B —— 4+ 41 >3V5

sin a sin B siny
r) cos” o -+ cos” f + cos*y (]/ ) nmpH n > 2,
114. Jlokaxure, 4TO M3 BCEX TPEYTrOJbHBIX MHPaMHJ, OMHCAHHBIX

OKOJIO 1apa pajuyca r, NpPaBUJbHBIA TeTpasAp HMeeT HaHMeHbllee
npoH3BelieHHe BLICOT Ny, hy, Mg, h4. JlOKaXwure, urO:

a) h‘f‘ +h°‘ +h°‘ + WY > 44> npu o > —1;
6)—+—+ +—— —4—O-anua>——1.
(4r)

h°‘ h* 2 hg‘

115. U3 Touku O, .nemam.eﬁ B ocHoBanuu ABC terpasnpa SABC,
nposegedsl npsimnie OA,, OB,;, OC,;, COOTBETCTBEHHO napaJe/bHble
pebpam[SA], [SB],[SC), no nepeceueHus 11X COOTBETCTBEHHO C rpaHs-
min SBC, SCA, SAB B toukax A,, B,, C,. llokaxure, 4to

(%)a + (IT(;}Z_‘:)Q -+ <%}1:—)a >3 npua>1l.

116. JlokakuTe, 4to ecad uepe3 Touky O, pacnosiokeHHYI BHYTPH
nupamuasl ABCD, nposepenwt orpesku AA,, BB, CC,, DD,, rae
Ay, By, C; n Dy nexar Ha rpaHsix, COOTBETCTBEHHO NPOTHBOIMOJNOXKHBIX
BepwHaM A, B, C u D, To BHINOJAHAETCS HEPaBEHCTBO

[0A: [\* | (10B1]\* , [10Ci]\* OD,\> 1—o ~
(ac) (e )+ (e + (o) =4 mwn et

117. M — npou3BoJbHasi TOUKA OCHOBAHMSA 71-YTOJbHON NMHPaMHIBI,
GOKOBblE TPaHH KOTOPOH PaBHOBEJNHKH, X;, Xg, ..., Xn — PaCCTOAHHSA
OT TOYKH M 0 GokoBbIX rpaHeit. Jlokaxkure, Y10

xf+xg+...+xg>n(3's—v)“ mp @ > 1,

rae V — oOveM nupamuabl, S — naouaabr GoKOBO# rpaHm.

118. Ilycts o) H By, @y ¥ By, ..., 0y U B — Napbl MJIOCKUX YIJIOB
npy OCHOBaHHsX OOKOBBIX rpaneil, npujaexamux K obwemy pebpy
n-yroapHoil nupamuinl. Hdokarkurte, 4ro

(s_in_a,)" n (sm (12) R (sm a, )" >n npn k>0,

sin B, sin B, sin B,

§ 2. 3afjauM Ha IKCTPEMYMbI

Ofime BONpoChl HaXOXKAEHHSt KCTPeMasbHbIX 3HaYeHHH (YHKLHi
paccMaTpHBAalOTCA B Kypce AHpepeHIHaNbHOTO HCYHC/IEHHS, OIHAKO
MHOrHe 3aJlauy Ha SKCTPeMyMbl MOXHO (MHOFAA Jake Mpole) peluathb
«3/1eMEHTapHbIMHY CPeJCTBaMH, B YaCTHOCTH OMHpasch Ha CJaeRylollHue
CBOHCTBAa CPENHHX BeNHYMH npu o < P.

1°. Bonoansemcs nepasercmso Co < Cp, T. €
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n n

1
xF 4+ X3+ o+ 2T\ BBy 48\
< .
2°. Ecau Co — 6eruuuna nocmosnuas, mo Cp npunumaem Hau-
MEHbUIEE 3HAHEHUE NPU Xy = Xy = ... = Xp.
3°. Ecau e Cp — eeautuna nocmosnuas, mo Co npunumaem Hau-

boabuiee 3HaueHUe npu mMoM e Ycaosuu.
B uyactHocTH, H3 HepaBeHcTBa Kouun

GG

BLITEKAIOT JiBe TEOPEMbl: 0 HaHMeHblleM 3HaUeHHH CYMMbI IPH MOCTOSIH-
HOM MPOHU3BENEHHH MEepeMeHHHIX Xy, X3, ..., Xn H O HauboJblleM 3Haye-
HHH NPOM3BelleHHsl NPH NOCTOSHHON cyMMme. B ofoux cayuasax skcrpe-
MYyM HacTyMaeT MpH X; = Xy = ... = Xp.

[Tpumep 1. Hailgem HauGonbluiee H HaHMeHblee 3HaueHUs
YHKIHH

y= (14 x4+ (1 —x) na [—I; 1].

Pewenue. Bocnoapsosaswuce HepaBencrBom C, > C, (cBofi-
CTBO MOHOTOHHOCTH CPEIHEro CTENeHHOTo), IMOJYYHM:

2 2
3uauur, y_, = 2 npu x = 0.

Hnsa HaxoXpaeHHus HauOO/bIIEro 3HaYeHUs GYHKIUH BOCIOAb3yeMCs
OUEBHJHLIMH HepaBEHCTBAMH:

l+x\n __1+x l—x\n _1—x
(2)< 2 "(2)< 2

((1+x)"+(1—x)ﬂ)'fr S Udn+a—2n _

(rak kak no ycnosmio 0 'erx K10 l;x £ 1). Croxus

5TH HepaBeHCTBa, Moayuum: y . = 2%,

I[Tpumep 2. Halizem HauGoabliee H HauMeHbllee 3HaYeHHs
GbyHKUHH

U =X%Y1+ X¥2 + .. + XnYn,
€c/¥ H3BECTHO, 4YTO
A i R R A A B T R B A

rae a, b — noJjoXuTeNbHbLIE YHCAA.
Pemwenune. B cuny HepaBeHctBa DbBynsakoBckoro — Koun
(cm. mpumep 1, B, § 1)

(xlyl + X2Ya + ser + xn)’n)2 <
SE@+2+ .+ D)+ 2+ .+ )

WIH
u?  ath?,
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OTKyla nonydaem: —ab < u < ab.

3uaumr, U, = —ab, u_, = ab.

[Tpume p 3. Touka M JeXKUT BHYTPH TPeyroyNibHHKA, &y, Ry, Rg—
pacctosHus oT M 10 CTOPOH TpeyroabHuka, h,, Ay hs — COOTBEICT-
ByloLlHe BbICOTHl. Haksem HauMeHbluee 3HayeHHe BHIpaXKeHHA

by \& kg \* kg \&*
(h1)+(hz)+("3\) P z
Pewewnue. Hmeem:
28 = akl + bkg "1" Ck3 = ah]_ = bhz = Chs,

rae S — nJouwaab TpeyrosbHHKAa.
Paspenum o6e yactu paBelcTBa ak, + bk, + cky = ah, Ha ah,:

By bk C

= 1.
hl a Ill a hl
b h h
Tak KaK — = —+ y = = 2L
a hy a 3
TO

LY .{_ﬁ.+,k_3_=1,
hy  hy By

B cuny CBOHCTBAa MOHOTOHHOCTH CpeaHero CTENECHHOro noJayuvaem.

(BT + (] (T 2o - 55 >

3Ha'-IHT, HaHnMeHblllee 3HAYE€HHE AAHHOI'O BLIPAaXKE€HHA pPaBHO

3(2—1.
YNPAXHEHMUS
119. Haiigure HauGosblide 3HaueHUs] (YHKUHMH:

a)y=x"(@a—x), 0 <x <a
6) y=x"(a—bx), 0 <bx <a, x >0.

120. Hai#ipure HauMmeHblINe 3HaueHHs QYHKUUH!
a)y=x*(1+1x), —1 <x <O0;

6) y=x"(@a—+ x), —a <x <0.

121. Hajiante Haubonbluve 3HaueHus YHKIHi (O<x <—g-):

a) y = sin x sin 2x;
6) y = sin x cos® x.

122, Briyucaure HanGosbuine 3HaueHUs (PyHKOHA:
a) y = (2 — cos x) sin® x;
6) y=tgx(8—tg®x), 0 <x <%.
123. Haiigure HauGosibliMe H HaHMeHbLuHe 3HaueHHs (YHKuUMH:
a) y =sin*” x + cos* x, n € N;
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6) u=sinx+siny—|—sin(x+y),0<x<%, 0<y<%.
124. Haiigute HanmeHblIHe 3HaYeHHsA QYHKUMH:
— xt4-n-—1

a)y=x-|—-£‘,—; 6) y — x>0,

125. Haiigure HauGonbiive 3HaueHHs GYHKUHi:

u= E (o +y) v= 2 (x; — ¥
i=1 (=1
€C/Iu 1

n n
2
Sa-a In-r
i=1 i=1

126. Hafigute nanGosbliee M HauMeHblUee 3HaueHHe QYHKUHH
R k
w=3(1+x)"+ B —xy
=] i=l1

rae n, k €N, —1 < x, K L.
127. Hafiaure HauMeHbllee 3HauyeHHe (YHKUUU

y = (l -+ sin® x)m + (l -+ cos® x)m’

sin” x cos? x

rae m € N.
128. Haiixute HaMmeHbluee 3HaueHHe (DYHKIHH

y=Vx—2mx +n* 4+ Vx*—2px + ¢, 0<m<n 0<p<q.

129. Ilpu kakom 3HaueHuH x npoussejeHue (1 — x)* (1 — x?)x
X (1 + 2x)® nocruraer HauGosbluero 3HaYeHHs1 H KAKOBO 3TO 3HaYeHHEP
130. Hafigure naunGonbliee 3HayeHHe QYHKUHH

0= (ayxy - agxy + ... - anxp)®
A+B+ ... + 4
131. Haiipure HaumeHbluee 3HaueHHe GYHKUHH
ntatl)
q = (Xt o Fx) 2
0GR ... 2,

132. B Toukax A u B BucAT ABa doHaAps, U3 KOTOPHIX OAHH HMeeT
CHUJy cBera, paBHYIO J cBeyaM, a apyroii — B 8 pa3 Goabluyio. Haii-
aute Ha [AB] HanMeHee OCBELIEHHYIO TOUKY, ecaH |AB| = [.

133. Yepes BHyTpeHHIOI0 Touky P TpeyronbHuka ABC nposeaeHb
pu_orpeska: [PA,]||[BC] (4, € [AC)), [PB,]II[AC] (B, €[AB)),
[PC,]||[AB] (C, € [BC]). Haijnure HauMeHbluMe 3HAUEHHs Bblpaxe-
HUE npH o > |:

Ca S T O o) () + (o)
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134. Tyctb x, y, 2 — pacCTOAHHSA OT LIEHTPA OKPYIKHOCTH, BIIHCaH.
Hoii B TpeyronbHHK ABC, no Bepwiu. Haiigure HanMeHblllee 3HaYeHHe
OTHOLUEHHUS

arx x2(l + % },20. + & 22(1-
a* % &

npu a > L.

135. B paHHBIA cerMeHT BNUIUHTE MNPAMOYTOJAbHHK HaHOOMbILEH
nJowaan Tak, YyToGbl OIHA CTOPOHA JexKaJja Ha XOpae.

136. Uepes BHYTPEHHIOI TOYKY Tpeyro/ibHHKa MJowain S mpose-
JeHbl NpsAMble, MapaJjJebHbie cTopoHaM. S, S,, S; — mlowanu noay-
YMBILKXCA TpPeyronbHHKoB. Hailigure HauMeHblllee 3HayeHHe OTHoOLlIe-

uus (ST 4+ S7 4+ S3) : S® npu « }—;—.

137. Hailinnite HauMeHbluee 3HaueHHe BbipakeHHs

x \2n y 2n z \¢n
26+ 5
a b c
rie a, b, ¢ — CTOPOHBI TpeyrosbHHKa, X, y, 2 — COOTBETCTBYIOLLHE
CTOPOHBI TPEYrOJIbHHKA C BEPIIHHAMHM B OCHOBAHHAX BBICOT JaHHOIO
TPeyroJIbHHKa.
Haiipure HauGonbiuee 3HaueHHe BhIpaXeHUs
X\ a 2z \&
(B () (2] e

138. Uepes BuyTpenHioro Touky O Tpeyroabiuka ABC nposeneHbl
orpeskd OA, OB, OC (puc. 7). Haiigure HanMeHbluee 3HaYEHHE BLIpa-

XKeHus
(o) + (Fre) + (5] exo
sina, sin B, sin y,

139. Hafignte HauMeHbluee 3HaueHHe BhIpaxkeHHs ki - k3 + kS
npu o > 1, rae k|, k,, k3 — paccTosiHMA OT IPOM3BONBHON BHYTPEH-
Heil TOUKH NPaBH/JIbHOTO TPEYroJbHUKa 0 €ro CTOPOH.

140. M3 Bcex npsaMoyroJbHbX napaJjienenunesoB JaHHoro oGbema
Ky0 HMeeT HaHMeHbIUYIO AMaroHanb. J{okaxure.

141. Tpe6Gyercsi HM3roTOBHTR CcoCyl C 3a-

JaHHOi TVIOLAAb0 NMOBEPXHOCTH S B ¢opme

8 NpsIMOYTroNbHOro  napadJgenenunesa (6e3
KpbiKH). KakoBbI 10/12KHE! ObITh pa3Mephl co-
cyAa, 4ToObl eMKOCTE ero Obi1a HauGoabluel?

142. Ha kako#i BbicCOTe Haj UEHTPOM
KpYIJIOTO CTO/1a Hajpo0 MOBECHTb JIAMIIOUKY,
yToGbl Ha Kpasx crtosia Obwia HauOGoJbluas
OCBELLEHHOCTh?

143. B wap BnucaH KOHYC, HMEIOLIMH
HauboJIbILYI0 NOJHYIO NoBepXxHocTb. Ha#nu-
T€ yroa Mexay obpasywouleii H IIOCKOCThIO
Puc. 7 OCHOBaHHuA.
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144. M3 Bcex mpaBH/IbHBIX TPeyroJbHbBIX NMHpaMui ¢ JaHHoH GOKo-
BOH MOBEPXHOCTLIO MHPAaMHAA C MPSAMBIM TPEXTPAHHBIM YIJIOM IpH Bep-
IIHHe HMeeT HauGosbluuii o6beM. [lokaxmTe.

145. Pom6 co cropoHoii a BpallaeTcs BOKPYI OCH, NpoXoasluel
yepe3 BepIUHHY OCTPOro yrja neplneHAHKYJsApHO Go/bllied AMaroHasu.
Ilpn Kakoii BesnuHHe 3TOro yria obbeM Tena BpalleHus Oyzer Hau-
60/bLIHM?

146. Uepe3 GokoBble peGpa Terpa3ipa NMpoBeleHbl OHCCEKTOpPHANb-
Hble muiocKocTH. [lokaKkure, YTO 3TH IJIOCKOCTH IEpeceKaioTcs Mo
onHoH npsiMoii. Hailigure HanMeHbllee 3HaueHHe OTHOLIEHUA Vs +
+ Vi4+VH:V* rne a>1, V—ob6bem pannoro Terpasapa,
Vi, Vy, Vg — o6beMbl nonyunBlinxcs GHCCEKTOPHANbHBIX TETPasApoB.

147. Yepes Bce pefpa Terpasapa mnpoBejeHbl OHCCEKTOPHAJbIHbIE
nnockoctH. [lokaXkuTe, 4TO 3TH IUVIOCKOCTH MepeceKaieTcss B OJHOM

Touke. Haliante HanMenbluee suauenne orHowenns (Vi V54
Vi+ VD V¥ trea > 1, Vy, V,, V3 V,— o6beMbl N0JYYHBILHXCA
TeTpa’apos, V — o6beM JaHHOTO TeTpasipa.

Fnasa I
PA3HbBIE 3AQAUYM

B srtoit rmaBe MBl npHBOAMM 3aJaud, KOTOpHIE MpeAsaraluch Ha
PasfuUHbLIX MaTeMAaTHYECKHX OJUMIHAZaX WIKOAbHHKOB. IIpensioxkeH-
Hasl 3eCb KJaCCHpHKalHs 3afay YUCTO YCJIOBHas.

§ 1. Yucnosbie paBEHCTBA H HEPABeHCTBA

I[Tpumep 1. doKaxem, uto

1,1 1 o
I=gt3—3+ - +@“%——+102+‘“ +—

HokasarteabcTtBo. IlpeobpasyeM mnpaBylo 4acTb paBeH-
CTBa:

+ .. +l—;9-)—(-;-+%+ +-2%))

IMonyyunu BEIpaxeHHe, CTOALIEe B JIEBOH YacTH PaBeHCTBA.
ITpumep 2. JokaxkeM HepaBeHCTBO

1 1 1 1
1.2 + 2.5 + 3.8 T +n(3n—1)>n+1‘
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PeweHne HepaBeHCTBO MOXHO JIOKa3aTh METOJIOM MaTeMaTHye-
ckoit HHaYKuuH (cM. «Ilpaktukym mo aarebpe»). PaccMorpum apyroi
cnoco6 J0Ka3aTeNbCTBa, OCHOBAHHBII Ha HCIO/Nb30BAHHM CBOWMCTB
cpeanero crenennoro. Ilpumenus HepaseHctBo C_;  C; Ana umcen
1-2,2.5,3-8,..., nB3n—1), noryyum:

1 1 1 i

S=1ztrstsst - +n(3n——l)>
- n?
Z 1.212.543.84 ... +n@Ba—1)"
Buiunicnnn cymmy S, B 3HaMeHatese npoﬁn:
Sl_ - 242 —1-3 8 4- . +n(3n——1).=
— 2 —_ 'j’
__zk(sk_l) ZSk “k 3Zk2 k‘\!‘lk
Ho B
b — n(n+l)(2n+l) k__n(n—{-l)
2 E
3Hayur,

5= DD net D _ ),

OxoHuaTe/IbHO MoOJyyaeM:

n? 1
S>Sl nt1

IIpumep 3. CpaBHUM C enuHUIIEH YHCIO g, €CIH
a = 0,999991,00001 . 1 (000 1°,90989,

Pewenue. TlpexcraBum uncia, BXoasiiKe B JaHHOE BEIPaXKeHHe,
caenyomumM obpasom:

0,999 =1 —a, 1,00001 =1+ a,
rae a = 0,00001. Torna

a=(—a)*(l +a) %= —az)(l—“)

1+
Tak kak | — e’ <1, ]l —a<lul4+a>1 10a <l

YNPAXHEHMUSA

148. Ilokaxure paBeHCTBa:
1 1

1
a)1-1994"3.-197+5-195+"'+1991 001(1+ T3 +

+ oot i)
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1,1 1 100 , 99 , 98 2, 1
0l (—+— —|==24242 =4 —
6)11( Tyt +101) et e e Te T
11 1 11 11 !
) (1—5—7)+(5—5—%)* (3~ i~ m) =
i, 1 1 1_1
_2(1 2 T3 4+"'+99 100)
149. Haiigute cyMmsi:
1 1 1
Vet t o Towor 02 ” 299
1,3 3.5 3.5.7 @+ 1) ... (@ 1
6)3_7'{'"2':)2'*" 223 + 224 + oo + {2'2)1'0! ( + .

150. loxaxuTe HepaBeHCTBa:

1 3 5 9999
a —-—. = ... — < 0,01;
) 2 4 6 10 000 < ’

6y 1-22.33.4% ... 100190 < 675050,
151. JJoKaxuTe HepaBeHCTBa ABYMs cHocoGaMH:

1 1 1
2) n+1+n+2+”'+3n+1>1’
6+t 4 1 4 + L3
e a1 a2 T Ty

152. Hokakute, YTO CymMMa
1 i 1
l+=—+—=4 ... +—
+ ot

IpH A0CcTaTO4YHO GoabuioM n 6yZeT Gonblue BCAKOro Hamepes 3ajaliHoro
yuesaa N.
153. CpaBHure uHcja:
a) ‘:iz " E]’ r 1015l99+] u 10:2'000_’_1;
67 677 102000 |- | 102001 |
6) 3111 u 1714 n) V1977 + V1979 u 2V'1978;
B) 10020 u 9000 e) logs 576 u logye 192.

154. He npoussoas ykasaHHbIX AeHCTBHH, YCTaHOBMTE, MPaBHJID-
HOH WM HenmpaBH/bHOH APOOBLIO ABJAAETCH YHCJO

244 . 395 — 151
244 + 395 . 243

155. okaxure, He MOab3ysich TaOJHIEH, YTO
log, 5 + logs 6 + logg 7 + log; 8 + logz 4 > 5.
156. Ilokaxure, uro
+ log?ys47 (2V6+5)+1=0.




§ 2. Cucremarnueckue Apobu 1 MPpPaLMOHANBHOCTH

¢ 200 3HakaMH riocse 3anaTo.

1
IIpumep 1. Bouncaum ™

e
Pewenwue. Ilycrs 0,00...01 = a. Toraa

1 _l+a—a____l_ a

l+a— l14a l14-a 14a
=1—a+a®- " :

14a

OueBHHO, 4TO
1 g 1
- a .
1+a <e< 10300
[Toatromy ¢ TpeGyemoii TOUHOCTBIO HCKOMOE YHCJIO PaBHO:
l—a+a@=1———+-——=09...900...0L

100 200 — v - —_
10 1o 100 99

a3

I[Tpumep 2. IJokaxeM, YTO YHCIO
1 1 1
l - - .o + —
+ 5 + 3 + "

HH NPH KaKOM HaTypasJbHOM 71 HE MOXKET ObiTb LEIbIM.

HdJokxaszateabcTBo. IlpuBeseM Bce charaeMpble K oO6HieMy
3HameHartesa0. $IcHO, uTO OOUIHM# 3HaMeHaTelb — YHCJ/JIO 4YeTHoe,

M3 Bcex apobeit naHHOH CYMMBbl pacCMOTPHM TY, B 3HaMeHaTelb
KOTOPOH BXOZMT COMHOXKHTE/NEM YHCJIO 2 B HaWBHICIWIEH MO CPaBHEHHIO
C OCTaNbHLIMH 3HAMEHATeNAMH CTeNeHH, T. €. Apobb CO 3HaMeHaTe/leM
Buga k - 24,

[Ipu npuseneHun npobeit k obiweMy 3HaMeHaTeNo AOMNOJHUTENbHBIM
MHOXKHTEJIeM K paccMaTpuBaeMo#l Jpo6u Oyner HeyeTHOe 4HCJIO; AOMOJ-
HHUTEJIbHbIE MHOXKHTENH K OCTa/bHBIM Apo6siM GYyAYT YeTHbIMH YHCIaMH,
B COCTaB KOTOPBIX BOMAET COMHOXHTeNeM uyucao 2. B uucnurene nony-
YUM CYMMY, COCTOSILLYIO H3 71 — 2 YeTHBIX cJaraeMblX W OJHOTO He-
uyeTHoro. Tak KakK YuUCJHTeNb — HeueTHOe, a 3HaMeHaTelb — YeTHoe
4HCJ0, TO BCA APOOb He MOXKeT ObITh LIEbIM YHCJIOM.

ITpumep 3. Jokaxem, uto cymMma Tpex uucen, oOpaTHBIX TpeM
TNoCJIe10BaTe/IbHEIM HAaTypajbHbIM 4HcaaM, obpaiiaercss B CMeLIaHHYIo
NepHOAHYECKYI0 Jpobb.

PeweHune HWMmeem:

bt setdent?
n n+l1 n+4+2 nn4-1)(n+42)

Cravana yGepuMCst, YTO B pas/jioKeHHH He MoXKer ObiTb MosydeHa
KoHeuHas jecATHYHas ApoOb, T. €. yOeaAHMMCA B TOM, YTO 3HaMeHaTelb
paccMaTpHBaeMoii ApoOH COAEPHKHT MHOMHTENH, OTJHUYHbIE OT 2 U 5.
JleiicTBUTENIBHO, 3HaMeHaTeNb APOGH, AB/AAACH NPOH3BEJEHHEM Tpex
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NOC/IeIOBATEbHbIX YHCEN, AETHTCA Ha 3, B TO BPEMA KaK YHC/AHTENb
Ha 3 He aeautca HHU npH Kakux n € N.

Tenepb nokaxkeM, 4TO 3HaMeHaTesb HeCOKpaTHMO#H Apo6H He B3aHM-
Ho npoct ¢ 10, T. e. geauTcs Ha 2 uau Ha 5.

M3 nByx uucen n u n 4 1 ogHO YeTHO, a ApPYyroe HeueTHo.

Ecan n HeuerHo, TO HeueTHo M 3n?, a c/JeLOBaTe/bHO, HEYETHHIM
6yler BeCb YHC/IHTENb, B TO BpeMsi KaK 3HaMeHaTelb KaK Npou3Bese-
HHe TpeX NOC/eJoBaTeNbHbIX YHCET COHEPKHT COMHOMHTEIEM YHCIO 2.

Ecau xe n uverHo (n = 2k), T0 paccmarpuBaemyio ApoGb MOXKHO
COKpAaTHTb Ha 2:

3n24+6n4-2  3.4k24-6-2k+2  3.26246k-|1
n(n+)(r+2 2@+ 1)(2k+2) 2%@k+DERF1’

MpHUEM H B 3TOM CJaYydae [OC/e COKpallleHus ApoOH 3HaMeHaTelb CO-
JepxHT coMmHOXHTesneM uucao 2. CrnemoBarenbHo, npH o6pallleHHH
JaKHOH JApOGH B NECATHYHYIO MOJNYYaercsi cMellaHHas MepHOoAHuYecKas
Apo6b.

ITpuwmep 4. JokaxeM, uto sin 10° — uppauroHajbHOe HYHCJIO.

Pewenue B coorBerctBuu ¢ ¢opmynoit

sin 3a = sin @ (3 — 4 sin? a)

3amuieM:
sin 30° = sin 10° (3 — 4 sin® 10°).
OGosnauus 2 sin 10° yepes x, No/iyuuM ypaBHEHHE
x*—3x+1=0.

Henurenu ceoGopHoro uneHa +1 u —1 He ABAAIOTCA KOPHAMH NOJYy-
YEeHHOTO ypaBHeHHA. [Ipyrux pauuvoHa/ibHBIX KOpHeil Her. 3Hauur,
ypaBHeHHe BOOOILE He HMeEeT paliHOHaJAbHBIX KOpHel. OfHH no KpaiHef
Mepe JEeHCTBUTEJbHBIH HPPAaLlHOHA/NbHBIA KOopeHb ecTh. VM saBasercs
yucso 2 sin 10°. 3Hauut, umncao sin 10° uppauvoHanbHOe,

YNPAMHEHMUA

157. Bpiuucaure:
a) V0,99...9 co 100 3HakamMu nocne sansaToit;

100 undp

6) VO0,11...1 ¢ 200 3snaxaMu nocJe 3ansaToii.
[ —
100 tndp

158. Ilokaxute, uto B unucie (6 + V' 37)*® nepsbie 999 3HakoB
nocae 3anATOH — HYJH.

159. Bhumcanre npubnmxento Y 1L,000001—1
0,0000001

160. Pemnte npubnukeHHO ypaBHeHHe
0,000001x* —4x + 1 =0
H OLIEHHTE NMOTpPeLIHOCTb,
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161. [oxaxute, uro cpead nepsuix 10 MaH. mudp pasnoxeHus
V'2 B necaTHuHylo Apo6b HH oxHa uMdpa He nosTopsierca 5 000 001
pas noapsn.

162. B pmecarnuHoit apobu 0,1234567891011121314... BBINHCAHH

moapsJ BCce HaTypasbHble uucaa. JloKaxKurte, 4to ApoGh HemepHoaHye-
CKasl.

163. dokaxure, uto uucao 0,101001000100001... wuppauuo-
HaJsibHOe.

164. J/lokaxuTte, 4YTO YHcCJaa
1 1 1 1 1 1
a - - LY Y 6 -_— e s e _—
)3+5+ +2n+l )n+n+l+ +n+k
HH NPH KaKHX HaATYpaJIbHLIX 7L H R He MOTYT OBITh LEJNBIMH.
o 1 1
165. Iokaxure, 4T0 cymMma aApoGeli — obpautaercs

H
n’ n41 2n +1
B CMELIaHHYIO JECATHUYHYIO NepHopHYecKylo Apobb npH JoboM n € N.

166. okaxwure, 4ro Apolb ?_I_——]—- ofpaliaercs B YUCTYIO [e-
n n
PHOAHYECKYIO AECATHYHYIO ApoOb npu Jwbom n € N.
167. OcsoGosutech OT HPpALMOHANBLHOCTH B 3HaMeHaTtesae ApoOu:

a)a 3l Py 6)4 4—14—- ’
V2Z+V3I+V4 V3+VI+V2T+3
168. UssectHo, uro (V2 — 1Y = V57122 — V/'57121. [okaxu-
e, uto (V2 + 1Y = V57122 + V'57121.
169. Jlokakure HppauHoHaabHOCTh uncen cos 20°; sin 40°; tg 1°.
170. UssectHo, urto ukcia @, b u Va + l/—b— pauHoHanbHbie. lo-

Kaxure, uto V' a u Vb Toxe paluoHa/bHbIE.

171. [lokaxure, YTO He CYIIECTBYET pallMOHAJBHBIX 4Huced a U b
TaKuX, 4To6bl BHIMOAHSIOCH paBenctso V a + Vb = /2.

172. CyuectByer /4 XoTf Obl OZHO 4YHCJO @ TakKoe, 4YToObl 06a

aucaa @ + V1B u +— V15 6butu uenpivu?
a

173. okaxure, yto BhipaxkenHe 99999 + 111 llll/§ HeAb3A mpej-
CTaBHTb B BHJAE

(@ + bV'3p,
rnea, b € Q.

§ 3. MocneposarensHOCTM M Npeaensbl
[Ipumep 1. Haiinem npenen cymmbl

_3,.5 2n 4 1
Se=242+.. 4

nt(n-+1)>*

npH n — 0.
P euwenue CHavasa nonpobyeM ynpoctuth S,. Tak Kak apobn
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2k 41 1 1
MOXHO NpEeACTaBHTh KaK pasHOCTb — —

Rk + 1)2 B (12’
LI B
4 22
5 1 1
%@ @
2n+1 1 1

nt 1) ot (g 1)E
CkJaanpiBasi 3TH PAaBEHCTBa, MOJYUYHM:

1
Sn=l =G
Toraa
. . 1
im S = Jim (1= ) =
MMpumep 2. llycts y 5= —1. Tlonoxum,
x=y—l x=x1—l x=x2—l
1 y+l’ 2 x|+l, 3 ——x2+l,....
1
UeMy paBeH y, €C/H Xyg;5 = _E?

Pemenne. TllogcraBus 3HaueHwe x; BO BTOpPOE PaBEHCTBO,
NocJie YIPOUIEHHH MONYYHM:

v = 1
2—-—"".
y
Janee
1 —1
x3=-):|_—, X3 =Y, x5=y_=x1-
l—y y+1
CanenoBarenbHo,
1
x5=x1’ xe=x2, x7=x3, x8=X4,..., x1973=x2=-—«;,
oTKyza y = 3.
YAPAXHEHMUA

174. Tlycrb naso uucno N M 3ajaHa moc/eoBaTeNbHOCTD MONOXKH-

TeNbHBIX YHCEN Xp, Xg, .., X, [PHUEM KaXAblH NOCJAEAYIOIHHA YJIeH
obpasyercsi No NPaBHIY

1 N
X, = -5- (x,,_l + :t_—;).
n-
Hokaxure, 4To

lim xn = VI_V.

n—=0oo
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175. TlocnenoBatenbHOCTb onpefensiercss peKyppeHTHo# dopMyJioi
u, = (o + Plup_y — afu,_,
o — 3

M HauyalbHBIMM 3HAUEHHSIMH U, = o + B, u, = 5 Haiigure
o —

o6l Hil 4/1eH TOC/eA0BaTeNbHOCTH.
176. HaHbl ABE MOCJAENOBATEABHOCTH: Xg, X1, « « oy Xny = o o (X > 0)
H Yo, Yir + + o» Yns + - « (Yo > 0), nmpuuem

Xyog + Yo —
Xp = _""1"2—"—’13 Yo = Vxn—lyn—l-

JIlokaxurte, uto npefeast lim x, u lim y, cyuectsyioT U paBHH

-0 H—+00

Mexay coboii.
177. JaHbl B TOJOXHUTENbHBIX YKCaAa @ M b (@ > b) 1 aBe nocae-

JOBaTE€JbHOCTH:

atb b 2ab
17 Ty l=a+b’
a+b 2a,b
e R
1 1
a,+b 2a,b
A = 5 ~, bn»l-1=a _?_'bl .
n n

Hafigure npenessl 3THX NoC/e/l0BaTe/NLHOCTEH.
178. IaHo 1979 uucen: x; = 0, X3, .+ ..y X178 X1970 = 0. [1pHuem

X = —-’fi”%c’—“— -+ 1 npu moboM [ = 2, 3, ..., 1978. okaxure, yto:

AL uL2mpri=12,... 1979,
0) xy < Xp < oo < Xpg, Xpg1 > Xpga > ¢ o0 > Xigag)
B) Xy = X1979, Xg = X1g7gs ==+ »

179. Hafinute cymmy -QIT + ?2! + ..+

n— oo,
180. Briuncaure npenenbt:

a) lim ¥/ 6) lim ]/ 1,
100 n-oo n’
. ( 5 14 27 2n? —n—1 )
B) llm '—‘—'"—..-'—q-—'*'"'—“.
n»0\9 20 35 2n® -I- n—1
181. Hoxaxwute, uto npu x = 0 HMeem:

n

(n-1

H ee npeaesa npH

\ x x X sinx
lim (cos—--cos— ve. COS—) = .
f->00 2 4 2n X

182. Ha#igute lim x,, ecau:
n-»00



a) x,= l/2+ V2+ V2+...+V2

n pa3

6) x,,=\/gl/2 Vo VT,

n pas
1
94—t
+ ot n pas.

o1
+2

B) xp =1+

§ 4. Paanuunbie anrebpanueckue 3agaun

IMMpumep l. Pasnoxum Ha fBa MHOXHTEIS MHOIOY/IEH
1 4+ x% 4 x19,

Pewen ne Hveem:

(K04 D=1 1

10 = = =

e+l P 1
_B—DE PR ) (P DR O OS]
x—DEE+2+24+x41) 442 4x1

PaznennM BTOpOt MHOXKHTENb YHC/IHTENS IPOGH Ha ee 3HaMeHaTe/lb:

x;:ii:if’if-:ll =X — X1+ = B x4 1,
CuienoBaTe/nbHO,
X4 Bl =2+ ) (B —xT xS — 3t 3 —x 4 1),
I[Tpumep 2. Bouncaum cymmy

1

2000 " 2000 °

e @® —a -+ 1=0,.
Pemenue. Us pasedctsa a® —a + 1 = 0 cnenyer:

a—1+—l- =0 nau a+l= 1.
a a
Kpome Toro,
Ad+l=@+1)@—a+1)=0,
orkyna a® = —1. Tenepb nmeem:
i 1 1 12
q2000 + 7000 = (as)“"a” -+ (@ = q? + -a—a = (a 4 —;) —2=

=1—2=—L
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I[Tpumep 3. Janb TpH yTpepxKaelus:

1) ypaBHeHne x + — = @ 1e uMeeT JCHCTBHTEJbHBIX peLueHHil;
X
2) cnpaBepiMBO PaBEHCTBO Vad —4a+4=2—a
Loy =
3) cucrema (¥t Y =& _
X —sin* y = —3 HMCeT eaHHCTBEeHHOe pelleHue.

Tpu KaKuX 3HaYeHHAX @ ABA U3 ITHX YTBEPKAEHHIH OYAYT BepHHI,
a Tperbe HeBepHO?
P eweH ue. [lepenuiiem BTOpOE paBEHCTBO B CAEIYIOLIEM BHJE:
Via—2¢t=2—a wmla—2|=2—a.
CnenoBatenbto, 2 —a >0, 1. e. a 2.

[TpeoGpa3yem ypaBHeHHe X + % = a K BHAY

x* —ax+1=0.

Jna toro uyro6bl 3T@ ypaBHEHHE HE HMEJO JAEeHACTBHTEJNbHbIX KOpHel,
Heo6XOAMMO H JOCTAaTOYHO, uTOOBl €ro AHCKpuUMHHaHT a® — 4 <0,
T. 8. —2 <a <2.

[TepeiineM k nocnegHemy nyHKTy. IlycTh napa uucen (x,; y,) —
OJ(HO U3 pellleHH} AaHHOMH cHcTeMbl. OU4eBHAHO, UTO Napa uucen (X5, —Yy,)
TakXke yaosJerBopser cHcreme. CreoBaTesNbHO, NS  BHIIONHEHHSA
YCJIOBHA O €IMHCTBEHHOCTH pelieHHsi CHCTeMbl HeoOX0AMMO, 4TOGH

Yo = —Yq, T. €. 4TOOHI yo = 0, TOrAa @ = x = —3. [loactaBass B nepsoe
ypaBHeHHEe CHCTEMEBI BMECTO @ YHCJI0 —3, y6exaaeMcsi, YToO NpH @ = —3
cHcTEMAa MMeeT eJMHCTBeHHoe pelueHue. Hrak, ¢ = —3.

Teneprs BUAUM, uTO ecal —2 < a < 2, TO ypaBHeHus 1) u 2) Bh-
MOJHAIOTCH, a YTBepKIeHHe 3) He BHINOJHAETCH.

Ecnun xe a = —3, TO BRINOJHRAIOTCA YTBepXKAeHHS 2) u 3), Ho
He BHINOJHAETCA yTBepxKaeHue 1).

HakoHen, yrBepxaeHus 1) u 3) He BBINMOJHSAIOTCA OZHOBPEMEHHO.
3Hauut, 1Ba yTBepKAeHHS GYAYT BEPHLI, a TPeTbe HeBepHO Npu a = —3
HAH npu a € ]—2; 2[.

YNPAMXHEHMUA

183. PassoXuTe Ha MHOMXHUTEIH:

a) 1 +x+ x* (Ha 2 mMHOoXwuTeNn);
6) 1 + x* + x® (ua 3 MuoxwuTens).
1

184. Briuucaure al%78 -
alo?s

, e a2 +a+ 1 =0.

1
185. [lokaxure, uto ecau x 4+ — = 2cosa, TO
X

x”—}-ln = 2cosna (n€N).
X

186. JlaHbl TPH yTBEPKIAEHHA:
1) Tpexunen x* + x + a HeoTpHuATeNeH NPH BCeX X;
2) ¢yukuua y = log,, x yGhiBawowasn;



2 . 2
3) cucrema (¥ T Y =&
y 4 cos x = 2 HMeeT eAHHCTBEHHOE pellleHHe,

ITpu Kakux 3HauyeHUsIX a JBa YTBEPXKAEHHS BEPHbI, a OLHO JIOMKHO?

187. m u n — uenbie MoNOXKHTENbHLIE Yucaa. KM3pecTHo, 4TO M3
CeAYIOLUIUX YeThipeX YyTBepXAaeHi:

1) m 4+ 1 peautca Ha n;

2) m paBHo 2n + 5;

3) m 4+ n penurcs Ha 3;

4) m 4+ 7n — npocToe YHUCJIO,

TPH BepHbIX, a OfHO HeBepHoe. Hafinure Bce BO3MOXHBIE Mapwl m, n.
188. Hafinure uMcao X, eciM H3BECTHO, YTO M3 CJAEAYIOUIMX TpPeX
YTBEpKJEHHM:

a) x — 1eJ0e 4YHCJIO;
6) x* — 3x — nesioe OTPHUATENBLHOE YHCIIO;

1
B) X + — — lle/I0e TOJIOKHTEbHOE YHCJIO,
X

OZIHO HeBepHoe.
189. OrtHocutenpHo A ABC yTBepxaaior, uro:

1) TpeyronbHuk ABC npsMoyro/bHbIi;

N
2) BAC = 30%;
3) |AB| = 2|BCl;  4) |AC| = 2|BClI.

HsBecTHO, 4TO NBAa M3 3THX YTBEPXKAEHUH BEpHBI, a IBAa APYTHX HeT.
Hafiiaure nepumerp TpeyrosnbHuKa, ecau |BC| = 1.

§ 5. «Mrposbien u noruueckne 3agaum

[Tpumep l. HUrpa, B KoTopo#t NpHHUMAIOT yYacTHE ABOE, COCTOUT
B caexywoweM. Bepyrcs mse kyuky cnuuek. IlomepeMenno Kakmplii
U3 urpamumux orépachiBaeT OAHY H3 HHMX, a OCTABLIYIOCS pa3GuBaer
Ha JiBe, H TaK JO TeX Nop, NoKa B KaxJ0# Ky4Ke He OCTaHeTCs 110 OfXHOH
cnuuke. CnenaBwuil nocaeaHuid Xox BhiurpbiBaer. Kto noGeaut (Hauu-
HaIOIK#A MI'PY WIH €ro napTHep), €M B Hauyalle Mrpbl B OAHOH KyuKe
66110 20 cninyek, a B gpyroit — 25?

P eweH ue. Pewum3asauy B obuiem Buze. [1yctb nepen Hauanom
HIPHl B KaxJOH KYdKe JIEKHT 1O HeyeTHOMYy uucay cnuuek. Torzaa
npy NpaBUJALHONH Hrpe NPOHIphiBaeT HauuHalowui. B camom nene,
NOCJIe TOrO KaK HauyMHAIOWHA BbIOPOCHT OAHY H3 KyuyeK, ocTaHercs
KYyYKa ¢ He4eTHBIM YHCJIOM CIIMYeK, KOTOPYIO OH pa3bnBaeT Ha IBe Kyuy-
KH: B OHOH — HeueTHoe YHCJIO CMHYeK, a B Apyroit — yerHoe. Teneps
BTOPO/i HMrpOK BHIOpachbiBaeT KYYKY C HEUETHBIM YHCJIOM CNHYeK, a
OCTaBIIYIOCH KYYKY pasbuBaeT Ha ABe TaK, 4ToObl B KaxJ0H M3 HHUX
6bl10 HeueTHOe 4McaIO cruyeK. Ilpomonkas Mrpy, BTOpPOH HIpokK Io-
CJIe]HHM JeJUT KYYKy M3 ABYX CNHYeK Ha JABE 4acTH, B KaKIOH H3
KOTOpbIX OYyZeT no ofHO# CNHYKe H, C/e10BaTe/NbHO, OH BLIHIPHIBAET.

Takum o6pasoM, NPOMPPHILHLIM NOJOMKEHHEN SBJASETCS CHTyauwus,
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KOTAa JeXaT JBe KYYKH, KaxjJasi H3 KOTOPhIX COAEPXKHT HeuerHoe
YHCIO CNHYEK.

Ecau xe B onHOH Kyuke ueTHoe uucjo cnuyek (nanpumep, 20),
a B Apyroii — HeyeTHoe (Hanpumep, 25), TO, A1 TOrO YTOOB! BHIUIPATD,
HayUHAOWHH JO/MKeH BHIOPOCHTb BTOPYIO KYYKY, a OCTaBLIYIOCA KYu-
KY M3 YeTHOro uYMc/a CNHYEK pasie/uTb Ha JABE KYUKH, Kaxjaas H3
KOTOPbLIX JOJIXKHA COAEPKaThb HEUeTHOe YMCJIO cnHuyeK. Takum obpasoM,
BTOpOil MUrpoK OYAeT MOCTaB/€H B NPOUrPHILIHOE NOJOKEHHE.

[Ipumep 2. B kaxayio KleTky KBaapaTtHOi Tabauubl pa3MepoM
25 X 25 BmHcaHO MpoOH3BOJAbHO OfHO u3 uucea: ~+1 wau —1. Tlox
KaX[IbiM H3 CTO/NIOLOB 3aNHCHIBAETCS NPOH3BEAeHHEe BCeX YHMCes JAaHHOro
cronbla, a cnpaBa OT KaMJOH CTPOKH — MNPOH3BEJleHHe BCeX YHCe
JaHHOH cTpokH. JloKa)keM, YTO CyMMa BCeX NMATHAECATH NPoU3BeJeHHM
He MOoXKeT ObiTb PaBHOMN HYJO.

Pewenue Eciu nepeMHOXHTb BCe TNATbAECAT NPOH3BEAEHHH,
TO B HTOTOBOE NpOM3BENEHHE KaxJoe M3 uuces TalJHLbI BOHAET ABaX-
Jbl: ONUH pas — MNo CTPOKe, BTOpPOH — no ctoa6buy. CirenoBaTenbHo,
HUTOroBoe npousBeicHHe pasHo 1.

[TocKoMIbKY HWTOroBoe npoH3BeJeHHE IONIOMKHTENbHO, TO MOXKHO
yTBepXKJaTb, YTO B €ro COCTaB BOLLIO HYeTHOE YHCJ/0 NPOH3BEJEHHUH-
COMHOXKHUTeNeH, paBibIX —1, H, 3HaYUT, CyMMa BCEX NATHAECATH MPOU3-
BeJleHHH He MOXXeT PaBHATbCA HYJIO.

I[Ipumep 3. B nerckom cajguke B n TepeMKax, pacIosOXKeHHBIX
MO OKPYXXHOCTH, CHAAT n AeBOYeK, MO ONHOH B KaxKOM TepeMKe.
Bpemsi oT BpeMeHH JiBe A€BOYKH OHOBpeMeHHO nepeferaioT B cOCeRHHe
TePEeMKH B MPOTHBONOJOXKHBLIX Hanpae/jeHHAX (ogHa — IO YacoBOH
CTpeske, Apyrad — npotuB). [lokaxeMm, 4TO J[eBOYKH HHKOTAa He
CMOTYT co6paThcs BMECTE B OAHOM TEpeMKe, €CJIH 1 YETHO.

Pewenue 3aHyMepyeM TepeMKH IO MOPALKY (CKaxeM, IO ya-
coBoit cTpenke) yucaaMHu or 1 no n. O603HaYHM YMCAO JEBOYEK B A-M
TepeMKe B KaKOH-HUOYAb MOMEHT Yepe3 a.

Paccmorprm BBIpaKeHue

S=1-ag+2-a,+...4+%k-a,+...+n-a,r0k=12,...n

H TOKaXeM, YTO KOrja JBe JEBOYKH OZHOBPEMEHHO mepeferawr B CO-
CefHHE TEPEMKH B MPOTHBOMOJOXKHBIX HaNpaB/leHHsX, TO S au6o He
MeHsiercs, U060 H3MeHseTca Ha 7.

B camoM pene, mycTh Kakasi-TO leBOuKa mnepeberaer us k-ro TepeM-
Ka B cyIeayloLlHii no yacoBoi crpesnke. Torna B cymme S MeHAIOTCA JBa
caaraemeix. Ecnu & < n, 1o MeHsiotes k-e u (& + 1)-ecoaraembie B UX
CyMMa CTAHOBHUTCSI PaBHOM

k@, — 1)+ ¢k + Diagy +1)=4ka, + (B 4+ 1) a4 + 1,

T. e. yBenuunsaercst Ha 1. Ecau & = n, T0 MeHsoTca n-e M nepaoe
cjaraeMele, a HX CyMMa CTaHOBHTCt paBHOH

n@,—n"H+1l@g+1)=na,+1-a—@n-—1),
T. €. yMeHbluaerca Ha n — 1.
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HaoGopor, ecnu aeBouka nepeberaer B COCEAHMH TEPEMOK NPOTHB
YacoBOi CTPeJKH, TO CyMMa WJIH yMeHbluaercss Ha 1, WIH yBeJHUH-
Baercsi Ha n — 1. Takum obpa3oMm, Koria jBe [IeBOUKH mnepeberaior
OJIHOBPEMEHHO B COCeIHHE TepeMKH (B MPOTHBONOJOXKHEIX HanpasJie-
HHfIX), TO cyMMa S WJH He MeHsieTcsi BOBCE, HJIH M3MEHSETCH Ha f.

B HauanbHBIH MOMEHT BPEMEHH B KaXKJOM TepeMKe CHAeo NO OXHOH
JeBOYKE H

S=1-L+m1+.“+n.h=ﬂ%ﬂL

Takum o6pasoM, mocse moboro yucaa nepeberaHuit cymma Gyjer
1
paBHa 2_(%_). + np,

TAe p — HEKOTOpoe LeJ0e YHCJIO.
Ecan 6bl BCe N€BOYKH CMOIVIM COGPAaThcsi B KAKOM-TO §-M TEPEMKE,

10 S 6bl1a 6bl paBHA ng, T. €. BHINOJAHAJIOCL Obl PaBEHCTBO i(—"—;l& +

+ np = ngq,
OTKYyAa

n=2(G—p)—1

3HayHT, JEBOYKH MOTYT cOOpaThCsi BMECTE B OZHOM TepeMKe TOJbKO NpH
HEYeTHOM n.

ITpumep 4. Y3 uncna 12345678910111213. . .9899100, ob6pa3so-
BaAHHOrO MNyTeM INOC/e0BaTeNbHOr0 NPHNHCHIBAHWA JAPYr 3a JPYroMm
Bcex uucen or 1 po 100 BKAouHTENbHO, Hafo BhiuepKHYTh 100 Takux
uudp, 4ToObl NMOJTYUYeHHOe OCTaBlIeecs YHCI0 OblI0 HanGoaAbLINM. 3anu-
1IeM 3TO YHCJIO.

Pewenne. UYucio 6yner HauGoablIkM, €CAH B CTApIIHX pas-
psaax GyIYT CTOATb JeBATKH. B CBA3W ¢ 3TUM BbluepKUBaeM MepBbie
BoceMb UHOP, 3aTeM wUdpH yncesa ot 10 ao 18 u eaunuuny y 19 u Tak
Jajee 10 uHdpw 4 y uucaa 49.

Urak, poiuepkHyTo 8 + 19 + 19 + 19 4+ 19 = 84 uundpsi. Ocranoch
BEIYEpKHYTH eille 16 undp, a umeHHo uudpsl yucen 50, 51, ... 56 (14
uudpp) v ABaxabl uuppy 5 y uucen 57 u 58. Bcero, takum oGpa3som
BoiuepKHyJau 100 uudp. IMoayuunn uuchno:

9999978596061 .. . 9899100.

I1puwmep 5. Ha nocke puinucauel uucsia or 1 1o 50 BKAoYHTEND-
Ho. Paspemaercsi creperp Jio6ble ABa YHCIa H BMECTO HHMX 3alHCaTh
OHO — MOAY/b HX pasHoCTH. (Moayab Hyns He aanichiBaeM). Ilocae
MHOTOKPAaTHOTO NOBTOPEHHA YKa3aHHOro Mpolecca Ha AOCKE OCTaloCh
OJHO 4HcI0. MOXKHO /M Y3HATh, KaKoe 3TO YHCJIO?P

Pewenue. Ilpexne Bcero sicHo, 4to Nw060e ocTaslleecs Ha Jo-
cKe uncso 3akmoueHo Mexay 0 u 50 (ecnn 0 Ca L0 0 b 50,
10 0 < |a — b]  50). TlokaxkeM, 4TO nonyyeHHoe YHUCAO 0Osi3aTeNb-
Ho Oyler HeyerHbiM. [l1s 9TOro mpociesnMM 3a CYMMOH BCE€X YHCel,
BbINHCAHHBIX Ha Jocke. B Havane oHapaHa 1 +2 + ...+ 50 =
= 25 . 51, 1. e. Heuerna. Ho 3ameHa napwl (a; b) Ha OAHO YHCJIO He
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MeHsIeT YeTHOCTb BCel CYMMBI, TIOCKONBKY uHcaa a + b v |a — b| Beer-
Jla OJIMHAKOBO# ueTHOCTH (MK o6a ueTHbl, HAK o6a HeyeTHbI). [losTOMY
CyMMa BLINHCAHHLIX YHCEJ Ha Kax<OM Ilare, B TOM YuCJe W HAa CaMOM
nocJjeJHeM, KOrja OCTaHeT¢ss OfHO 4HC/a0, OyAeT HEUeTHHIM YHCJIOM.

Tenepb nokaeM, YTO TAKHM NOCTEAHHM HEYETHBIM YHCJIOM MOXKET
6LITh Jiro6oe K3 25 yucen: 1, 3, 5, ..., 49. B camoM zene, nycrb Mbl XOTHM
no/NyunTb HeKotopoe uucao 2m + 1 (m =0, 1, ..., 24). Pasobbem
yucaa ot 1 ao 50 (Bk/IOUHTENbHO) HA Maphl Tak:

(1; 2m + 2), (2;3), (3;4), ..., @2m; 2m + 1),
@em + 3;2m + 4), ..., (49; 50).

3anuuieM BMECTO KaXJO# Napbl MOAYJb Pa3HOCTH BXOAALIMX B Hee yi-
cen. MNMonyunm 2m + 1, 1, 1, ..., 1 (Bcero 24 exunnusl). Ocranoch
H36aBUTbCA OT eluHHL. [sna 3TOro MOXKHO, pasbuB HX Ha Maphl, NO-
Ayuuth 12 Hyneit, a BmecTo nmapul (2m - 1; 0) sanmucatb OfHO HHCJIO
|2m 4+ 1 —0]| =2m 4 1.

YOPAWHEHHKUSA

190. B3saau Tpu aucra Gymaru. Hexoropmie u3 Hux (oguH, Hau
JIBa, WJIHW BCe TPH) pa3pe3anu Ha TpH yacTH. Hekoropble U3 o6pasoBap-
IUHXCA KYCKOB CHOBA paspesasi Ha TPH YacTH, H TaK HECKOJIbKO pas.
Ilpn noacuere oBHapyXkuaoch, uTo Bcero HMeercs 1978 KyckoB 6yma-
ru. [lokaxure, yTo nojpcuer npoHsBeneH HenpaBHJbHO.

191, Jlokaxure, uto cpesi Mo6biXx 39 nocaeoBaTeNbHbIX HATypasb-
HBIX 4Hcen o0si3aTeNbHO HaWJercsl Takoe, Y KOToporo cymma uugp ae-
antca Ha 11,

192. B cTpoky Buinmicanbl 1975 nmpoH3BOJbHBIX HATYpPaNbHBIX UH-
cen. Jlokaxure, uTO BCerja HaiileTcsi HECKONbKO PAAOM CTOSIIHX
quces, CyMMa KOTOpbIX jenutcst Ha 1975.

193. M3 natypanbHbix yucea or 1 no 999 999 BKmouHTENBHO BHI-
JIeJIUTE Te, Y KOTOPLIX CyMMa UH(]p, CTOAILKWX Ha YeTHLIX MecTax, paBHa
cymMMe uudp, CTOAUIMX HAa HeYyeTHBIX MectaX. JloKaxkwurte, uro cymma
BCeX TaKHX yHcen jgenurcs Ha 37.

194. Apro6ycHbie Guiersl uMetor HoMepa ot (00 001 nmo 999 999.
JlokaxkuTe, yTO cyMMa HOMepOB BceX OHJIeTOB, Y KOTOPBIX cyMMa mep-
BbIX TpPeX UHp HOMepa paBHa CyMMe TpeX NOCAeRHHX LHupp, Aenutcs
Ha 1001.

195. Yncna or 1 go 2000 BK/IIOUHTENBHO BHIHCAHBI 1O MOPAAKY
no kpyry. Hauunas ¢ nepsoro, BhiUepKHBaercsi Ka)kaoe NATHaALATOe
gucso (1, 16, 31, ...), npuueM mpH NOBTOPHLIX 060POTaX 3auepKHYTHIE
uyucaa CHoBa cuMTaloTCs. CKONBKO He3auepKHYTHIX YHCeN OCTaHeTcs?

196. B kBaapartHoit Tabauie us 64 kaerok (8 X 8) sanucaHbl no
NOPAJAKY HaTypasbHble yncda ot 1 1o 64, 13 yucaa KOTopbiX BhIOHpaer-
C OJHO W BBHIYEPKHBAETCA BMeCTe CO CTPOKOil u cTosbuOM, Ha nepece-
YeHHH KOTOPBHIX OHO CTOHT. M3 ocraBwuxcs uucen BbHIOHpaercs elle
OHO M CHOBa BblYEPKHBAETCS BMECTE C COOTBETCTBYIOLIMMH CTPOKOH H
cTonbuoM. Tak npopo/axkaerca A0 TeX Nop, NoKa BCe CTPOKH H CTONOLBI
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He OYAYT BLIYepKHYTbl. ¥YOeaurech, 4TO CYMMa BOCbMH BBIOPaHHBIX
TaKMM 06pa3oM yKcesl eCTb Be1MUHMHA NMOCTOSHHas, pasHasa 260.

197. Ha knaccHoil mocke HanucaHml 4ncaa 1, 2, 3, ..., 1978. Pas-
pewiaercsi cTepeTb Jio0ble BAa 4HCJa M 3anHcaTh BMECTO HHX HX pas-
Hoctb. [locne 1977 noBropeHH#t 3Tofi onmepauuH Ha JOCKe OCTaHercs
oaHo uucsa0. Onpesnenute, 4eTHOE OHO WJIH HeyeTHoOe.

198. 250 pe6saT croart no kKpyry. OHH BLIGHPAIOT BOASLIETO CAEAYIO-
1M o6pa3oM: mepBLIi OCTaeTcsi B Kpyre, BTOPOi BBHIXOAHMT M3 Kpyra,
TPeTHH ocTaeTcs, 4eTBepTbIH BLIXOAHT M TaK Aanee no Kpyry. Kpyr
BCe BpeMs CyxKaeTcs JO TeX Nop, NoKa B HeM He OCTaHeTCA OJAHH 4Yeso-
BeK. Y3HaiiTe, Ha KaKOM MecTe OH CTOAJl B NEPBOHAYaJbHOM KpYry,
CYHTas OT NMEpBOro MO YacoBOH CTpesKe.

199. Ha waxmaTHoO#t AOCKe B CaMOil J1eBOHl HHXHeH KJeTKe CTOUT
Koposb. [lpoe urpamouux no ouepend AeNalT XOAbl, CABUras KopoJas
Ha OAHY KJETKy WJH BBEpPX, WIHM BMpaBO, WIH MO AHAroHaJH BIPaBO
BBepX. BriMrpbiBaer TOT, KTO NOCTABUT KOPOJAA B CaMbifi BepXHHH
npaBbifl KBagpaT. KakoH HrpoK BbIMIPbIBA€T, HAUHHAIOLMH HIPYy WM
ero naptHep, ¥ yto GecnieyuBaer nobepy?

200. B yrmy maxmatHo#t pocku crtout ¢urypa. I[lepsriéi urpok
MOXKeT XOAHTb €l0 [iBa pa3a noApsj Kak oObluHBIM KOHeM (T. €. Ha JBa
no/isi B OZHOM Hanpas/ieHHH, Ha ONHO B NEepPNneHIHKYAApHOM), a BTO-
poll — OMH pa3 Kak KOHeM C YJJIMHEHHbIM XOAOM (T. e. Ha TPH noJs
B OJHOM HalpaBJeHHH M HAa OZHO B NepneHAHKYasipHOM). Tak oHu
xousT no ouepenH. IlepBriit cTpeMuTCA K TOMY, 4TOGHI NOCTaBHTh GHTYPY
B NPOTHBOMNOJICKHDBIA yros, a BTOPOH crapaercsa emy nomewatb. Krto
U3 HHX BHIUTpaeT?

201. B xopobke 27 cnuuek. [lBoe urpaioliux GepyT noouepenu
OAHY, ABe, TPH HJH 4eThipe CNUYKHU. Briurpeisaer ToT, y KoToporo B
KOHIle UIpbl OKa)keTcsl 4eTHoe YHuc/ao cnudyeK. Kro BeiMrpaer npu npa-
BHJIbHOH MIpe: HauMHAIOUIHH WM ero naptHep?

202. Ha 6ymare B CTPOYKY HamucaHO HecKo/JbKO MHMHYycoB. Kax-
AL M3 IBYX HrpaloliMX nepenpapisieT OAMH HJH ABa MHHYCA Ha
naockl. BuinrpoiBaer TOT, KTO mnepenpaBHT mnocaefHHil MuHyc. Krto
BLIMTPAeT NpH NPaBHIbHOH MIpe, HAYHHAIOWIMEA HJIH €ro napTHep, ec/H
urpa HauuHaercs ¢ 7; 8; k Munycos? Kak Hazo Bectd Hrpy, uToObl BbI-
Wrparb?

203. [lonyasipHas Hrpa B «KPECTHKH-HYJIHKH» COCTOHT B CJIEAYIO-
mem. JIBoe 1o oyepenH PHCYIOT Ha Khaerdyatod Oymare KpeCTHKH H HY-
JUKH: TepBHA — KPeCTHKH, BTOpOH — HYJAHKH. BriurpoiBaer Tor,
KTO NEpBLIM NOCTAaBUT ONpelieIeHHOe YHCJIO CBOMX 3HAKOB B pAA (Mo
BEPTUKAJ/IH, TOPH3OHTANH WK MO AHaroHanu).

Iokaxwure, 4T0 BTOPO# HIpOK, KaK Obl XOpOLIO HH HrpaJ, He MOXer
paccuuThIBaTh GOsbllle, YeM Ha HHYbIO, €CJIH ero MapTHep Hrpaer npa-
BHJIBHO.

204. fl6noku nexar B 500 swMKax, BMECTHMOCTb KaXKJoro H3
KoTopbiX He Gosee 240 a6aok. [okaxure, uro, no KpaiHel Mepe, TPH
fAIIHKA COAEPXKAT MO OJMHAKOBOMY uHcay s6JIOK.

205. B auuke aexar 100 26710K yeTbipex COpPTOB, NPHYEM KaxKIOTO
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copra noposHy. Kakoe HauMeHblIee Yuc/10 160K HYXKHO B3fTh Hayrap,
yToObl CpeAH HUX OKa3agaoch He meHee 10 16/0K oaHoro copra?

206. Tpuauarb WKOJBHHKOB YYaCTBYIOT B INEPBEHCTBE ILUKOJBI [0
waxmaraM. Kaxaple aBa yyacTHHKa AOMXKHBI CHIrpaTh Mexay coOoi
oavH pa3. [lokaxwure, yto B J11060#1 MOMEHT COCTA3aHHA HMEIOTCH ABA
y4yacTHHKa, ChIrpaBlIHE K 3TOMY MOMEHTY OAMHAKOBOE YHC/IO NapTui.

207. Y uaps I'supoHa O6bl10 Tpoe chiHoBeil. CpeiH ero NnOTOMKOB
93 uMesH no ABOE CbIHOBEH W HH OJHOM JouYepH, a BCe NPOuYHE yMepJH
Ge3nerHbIMH. CKOJIBKO BCEro NoTOMKOB 6bln0 Y naps I'enjoHa?

208. Ha xonrpecce cobpa/inch yueHble, HEKOTOpBIC M3 HHX ApYXKaT
Mexay coboii. Okasanoch, YTO HHKAKHe [BO€ YUYeHBbIX, HMEIOLLHE paB-
HOe YHcJIo Apy3eH, He umeroT obuiux japyseH. Jlokaxwure, Yto Halnercs
yueHblH, Y KOTOPOro TOJIbKO OfHH JPYF.

209. Ilpu nBope kopons cobpaauck n pbluapeii. Hekoropble H3
HHX BpPaXAYylOT APYT C APYroM, HO cpeAH coOpaBLUHMXCA Y Kaaoro

1
philLiaps He MeHee — 1 apy3efi. JJoKaxuTe, YTO COBETHHK KOPOJIsSI MOXKeET

yCaAHTb philaped 3a KPYIJbIM CTOJIOM TaK, 4YTOObI PAJOM C KaXKJbiM
CHENH €ro ApPYy3bsl.

210. B BeplwinHax npaBHJbHOIO CEMHYTOJIbHHKAa paccraB/eHbl uep-
Hble U Oeable puwku. Jdokaxure, 4T0 HalayTcsi TPU GUILKH ORHOTO
1IBeTa, Jexalllue B BeplUHHaX paBHOOepeHHOro TpeyroabHuKa. Bep-
HO JIM aHaJIOTHYHOEe YTBepXKAEeHHEe AJIA INPaBHIBHOIO BOCHMHYIOJb-
HHKa?

211. MOXHO JIH PacCTaBUTb MO OKpYKHOCTH 20 KpacHBIX H He-
CKOIbKO CHHMX ¢HIUeK TaK, YTOObl B KaXAOH TOUKe, QHaMeTPasibHO
NPOTHBOTNIONOXKHOK KpacHOH (HIIKe, CTOAJIA CHHASL U HUKaKHe JBe CH-
HHe QHILKH He CTOAJH pAIoM?

212. HmeioTcsi BoceMb WIApPOB: 2 KpacHbIX, 2 CHHHX, 2 Gesblx
u 2 uyepHeiX. [IBoe urpawomux A u B nmo ouepenu npuOHBAIOT IIAphl K
BepuIMHaM JaHHOTro Ky6a 10 TeX nop, MoKa B Kax/oil BeplUHHE He OKa-
xerca nmo wapy. Ilpu atom A crpeMurcs K TOMYy, YToGbl Obl1a OfHA
BepLIMHA TaKas, YTO K 3TOH BeplLIHHE H K KOHLAM BHIXOASLIHX H3 Hee
pebep Obl1M NMpUKpernJeHbl Wapbl BCeX YeThipex 1BeToB, a B nbiTaercs
BOCNpeNATCTBOBATb 3TOMY. KTO BHIMIpaeT, €c/M nepBbIM jesaeT Xop A?
A ecnu B?

213*. Cpeau n OZMHAKOBBIX M0 BHEIIHEMY BHAY MOHET HMeercsl
He Oosee ABYX (paJbLUMBBLIX, OT/JHYAIOWIHXCA OT OCTaNbHBIX NO BeCy
(ecnn ¢anbLUMBBLIX MOHET IBE, TO CYHTAETCH, YTO OHU PaBHBI MO BeCy).
3a TpH B3BelIUBAHUSI HYXKHO ONpENeNHTb, UMEITCS JH (a/blINBLIE
MOHETBl M KaKHe H3 MOHeT TsAKenee — (paJblUMBble MM HACTOALLHE.
Kak sto caenatb, ecnu n = 8, n = 9?

214*, HNmeetca meBsATb MOHeT. M3 HUX BOCEMb OJHOrO Beca, a J€BA-
tasg — QanbluBas (HECKONBKO Jierde ocrajbHbiX). MMeercst Ttakxke
JIBO€ YalleYHLIX BECOB, OAHH H3 KOTOPBIX TOYHbIE, a APYTHE HeTOUHble:
OHH TOKa3blBalOT paBHOBECHE, €CJH JaXe Ha 9Yaulkax JexaT MOHETh
(no paBHOMY KOJIHYECTBY), Cpelld KOTOpbIX (haibllBas;, ecly XKe Ha
oJiHOH yallKe Moner OoJiblue, TO OHA MEpPEeTATHBAeT TOUHO TaK XKe, Kak
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M y TOuHbiX BecoB. Ilo BHemHeMYy BuAY Bechl
oavHakoBbl. CKOMIbKO B3BElIHBaHHH, camoe
MeHblllee, HYXHO 1pOH3BeCTH, YTOObI BBIAIBUTH
(danblukBYIO MOHeETY?

§ 6. 3apaum no reomerTpumu

ITpumep 1. B paBHoGeapeHHOM TpEYroyb-
Huke ABC BeiMuuHa yrsia npu BepuiuHe B pas-

Ha 20°. Ha Gokosbix cropoHax AB u BC Bas-
N

Thl COOTBETCTBEHHO ToOUKU D u K taK, uto KAC=
S

P

= 50°, DCA = 60°. Bpwuucaute CDK.

Pewenue. HecMorpa Ha Kaxymyiocs
Ha TepBbI B3MMAJ NPOCTOTY (OPMYJHPOBKIH,
3ajjaya JIOCTaTOUHO TPYAHA, TaK KaK HENOCPeACT-
BEHHHIH Mojcyer BeJWYUH YIVIOB HE NPUBOJHT
K orBery. PaccmorpeHue Bcex KoMOMHauuil yr-
JOB B KOHIIE KOHUOB NPHBOAHT K COCTaBJEHHIO
ypaBHEHHs C ABYMSA HEH3BECTHBIMH. Mexay TeM,
clleNaB AONOJMHUTEbHBIE TOCTPOEHHS, 3ajayy
MOXHO pelINTb HEeCKOJIbKHMH  crocoGamu,
YacTb H3 KOTOPBIX MNO3BOJISIeT HEe BBLIXOJHMTb 3a
paMku nporpammbl faxe VI kmacca*.

[lokaxem jBa cnocofa peluieHHsi 3aiavd.

1-# cnoco6 HyCTb |AC| = a(puc 8).

IMockoabKy ACK 80° u KAC 50°, TOAKC—-
= 50°u | AC|=|KC|=a. HPOBEAEM[DE]”[AC]
IMonyuaem: F= [AEIN[DC). TpeyronbHuku
AFC u DEF npaBuabHble, nosromy | FC| = a,
IDF| = |FE|= IDEI

Tak kak AFC = 60° HCFK =80°, To EFK——

= 40° = AEC.
Mosromy |FK| = |EK|. Orciona A DFK =
A DEK. [D K]—6uccekrpuca yrana FDE. 3ua-

Py
YMT, CDK = 30°.
2-icnoco®. l'loc:"rponM yroa ECA (puc. 9)

TaKo#, YTO ECA B = 20°. CoelMHHM TOU-
KH E u K. Vs noacuera BenuuuH yrios

N AN N
(AEC, AKC, ECK) cneayer, uro | AC| = |EC|=
= |KC| = |EK| = =&

INockonbky ADC = 40" u ECD = 40°, To

* Mbl y6euTesIbHO COBETYeM MONBITATHCH CAMHM pe-
WHTb 3Ty 3ajauy, He 3ar/sbBas B aBTOPCKOE pelueHue.

3#

Puc. 8




|EC| = | ED| = a. B paBHoGex-
penHoM TpeyroabHuke DEK (Tak

P
Kak |DE|=|EK| = a) DEK =
P N N
= 180° —(KEC + AEC) = 40°.

N N
3uauur EDK=70°, Torna CDK =
= 70° —40°= 30°.

ITpumep 2. JaH Brnykaniit
yeThipeXyroJbHKK. HalneMm BHYyT-
pH HEro TaKyio TOYKY, yToOhl OT-
Pe3KH, COEIMHSIOLUIHEe 3Ty TOUKY
C cepeAHHAMH CTOPOH, NeJHJH Obl

Puc. 10 YeTHIPEeXYroJIbHUK Ha YeTbipe pa.-
HOBEJIHKHE YacCTH.

Pemenue («UepHosoii» Bapuanr.) Ecnu uerbipexyronbHuK —
napajjenorpamMMm (B TOM uHcae poMb, KBajpaT HJIH NPSMOYTONb-
HHK), TO TOYKa NnepeceyeHHs JHaroHaseill ABAAeTCA HCKOMOH.

Hasa mo6oro Apyroro BBIMYKJAOrO YeTbipeXyrosibHHKa TOUKa Iie-
pecedyeHHs AMaroHaJel, OUeBHAHO, yXKe He YJOBJETBOPAET YCJIOBHIO
3aJlauH, TaK JXe KaK H TOYKa NepeceueHHs «MeJHaH».

3ameyaeM, ofiHaKo, 4to ecaH (puc. 10) nocrpourb Touky N — cepe-
JuHY auaroHanu [BD], to yersipexyronbHuK NRDS (rae R — cepenu-
Ha [DC], S — cepenuna [AD] roMoTerHyeH JaHHOMY YeTLIPEXYyrofb-
HUKY ABCD, uMeer BABOe MEHbILHE JIHHeHHBIE pa3Mepsl H COOTBETCT-
BEHHO KOHTDYSHTHBi€ Yribl, 3HA4HT, ero IUIOILAjb BYETBEPO MEHbLIE
nnowaan ABCD.

Hrak, onHoMy H3 ycJOBHH 3ajadH 4erbipexyroabHuk NRDS ynos-
aersopser. Ho, K coxanenuio, Touka N He saBasercs uckomoit. [lo-
3TOMYy MombiTaeMcsi npeo6pa3oBaTb 4eThipexyroabHUK NRDS B apy-
roii paBHOBEJUKHA €My YETHIPEXYTONbHHK. TaKuUM YeThlpexyroJbHi-
KOM, BHIHMO, MOXeT ObiTh JIOGOH YeThipexyroJbHHK, BeplUHHA KOTO-
poro N Jexur Ha npamoii, nposefieHHOH uepe3 N mnapaaienbHo [SR)
H, CJeJ0BaTe]NbHO, NapainenbHo auaroHanu [AC).

Torna BosHHKaeT maes: NPOBECTH MPAMYIo yepe3 TOUKY M — cepe-
nuHy auaroHanu [AC] napannensHo [BD] no nepeceueHusi C COOTBETCT-

syiomeii npamoit. [TonyyuMm touky O. $IcHo, 4TO OHa GYneT HCKOMOi,
TaK Kak

1
SORDS = SNRD.S = jSv

P rae S — mJowaib YeTbipexyroJb-
HHKa ABCD,

1
SOSAP = SMSAP = 2 S

HT. A
Orcrona «4yHCTOBOE» pellleHHe.
Puc. 11 Yepes cepeaunnl N U M puaro-



Haneil [BD] u [AC] (COOTBeTCTBEHHO) NpPOBOAHWM TNpsMble, Napan-
JlesibHble cooTBeTcTBYIOWUM AuaroHansam [AC] u [BD] po B3auMHOro
nepeceueHus B Touke 0. Ocraerca Aoka3arb, YTO OHa HcKoMasi. ([loka-
3aTeJIbCTBO NPENOCTaBJseM YHTATEIO.)

Ipyrod TOYKH, KpOMe YKa3aHHOH, YAOBJETBOPAIOLLEH YCAOBHIO
3ajjauH, Her.

[MTpumep 3. Ilyctb paHo MHOXKecTBO T NpPSIMOYTOJIBHBIX Tpe-
YrOJIBHHKOB, Y Ka)KIOro M3 KOTOPHIX BLICOTA, ONYyIeHHas Ha THMOTe-
HY3y, YHC/IeHHO paBHa 1. JlokaxkeM, 4TO H3 KaXAOro TaKoro Tpey-
roJibHHKAa MOXXHO BLIp€3aTb Kpyr, miomajab Kotoporo 6yzer 6o.b-
we 0,5.

PeweHue OueBHaHO, H3 BCEX TPEYTONbHUKOB JaHHOTO MHOXe-
CTBa HaM Hal0 HaHTH TPeYroJbHHK C HaMMEHbIUUM paiUyCoM BIIH-

CaHHOTO B Hero Kpyra M MoKasaTb, YTO MJOLAAb 3TOr0 Kpyra Goib-
ue 0,5.

Mycrs (pue. 11) |CD|=1, A = o u [ON| = r.

Mockonbky | AD| = ctga, |DB| = tga, |AC| = ——, |BC| = —!

N ’ ’
sina cosa

10 |AB| = tga + ctg & = ——om . (1)
sin a cos @
C npyro#t CTopoHHI,
|AB| = |AP|+ |PB| = |AN |+ |BM|=(AC|—r) +
1 1
t(BCl—n) = sina T oS G —2r @)
U3 ycaosuit (1) v (2) Haxoaum:
r=L( 1 + - 1 ):i sina — (1 — cos @) —
2 \sina Cos @ sin a cos @ 2( sinacosa )
1 2sin%cos%—2sin’%- _
2 in 2 s 2 L e
2sin g S5 (c:os2 2 — sin? 2)
= ! = ! — 1
2 cos? -%- + 2sin % cos % I +sina+cosa 1+ 2 cos (a——’:—)

Pajyyc ¥ cCOOTBETCTBEHHO MJOWAAL BMHCAHHOIO Kpyra GYAYT Hau-
14 b
MEHbIUHMH IIPH G = T Korja cos (a — T) JocTHraer HauboJblLero
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11
3Hauenns. Haxoxum, uyrto npu cos (a— T) =1

—_ 1 —_ —_
r—__l-i-V? V2—1,

S =N (Vg— 1)29
yto Gousblue 0,5.

[Tpumep 4. MoxkHo JH NOCTPOUTH HAa TJIOCKOCTH 3aMKHYTYIO
caMornepeceKarolLylocsi JIOMaHYlo, KaxJoe H3 3BeHbeB KOTOpOH Mepece-
Kaercsi POBHO OJMH pa3, €CNH OHa COCTOMT: a) u3 999 speHbeB; 6) U3
100 3BenbeB? (BepluuHbl JOMaHOH He MOTYT JieXaTb Ha APYrHX ee
3BEHbAX.)

Pewenue Paccmorpum kakoe-Hu6yawp 3seHo [AB]. Ilo ycio-
BHIO ero nepecekaer apyroe 3peso [DC]. Tem cambim u (A B] nepecekaer
[DC]. Tockonbky [AB] u [CD] yxe ofuH pa3 nepeceyeHbl, TO MO yCa0-
BHIO HUKaKHe JpPYrue 3BeHbSl YXXe He MOryT UX nepecekatb. Kaxnoe
U3 OCTa/IbHbIX 3BEHbEB TOXKe JOJIXKHO 00pa3oBLIBaTh Napy lepecekaio-
ILMXCS 3BeHbEB C KAaKHM-TO H3 OCTaBIUMXCSl, He IepeceKaeMbiM ApY-
THMH:

Hrak, Bce 3Betibs pasbusatotcsi Ha mapbl. CiieoBaTenbHO, YHC/IO
3BeHbEB YETHO M MOTOMY He MoxeT ObTh paBHO 999.

Ha pucynke 12 mnoka3aHa 4yacTb HCKOMOFO MHOTOYTOJNIbHHKA, CO-
CTOSILLIErO M3 YEeTHOTO 4Kc/a 3BeHbeB. 3aKOH MOCTPOEHHs OCTaJbHOH
YacTU fiCeH U3 PHCYHKa.

I[Ipumep 5. Ha nnockoctn BhiGpanbl n To4yek. JlokaxkeM, uTo
€C/H KaxKIblil TPeyrolbHHK, oOpa3oBaHHBII TpeMd H3 3THX TOUYeEK,
«IyCTOM» (T. €. BHYTPH HEro M Ha CTOPOHAX HeT JPYruX TOYeK), TO
BCE TOUKH SIBJAIOTCA BepLIHHAMH HEKOTOPOro BBHIMYKJOLO N-YroJb-
HHKa.

Pemenne. Ilycte M — MHOXecTBO TOuek A; (i=1, 2, ...
. .., 1), YAOBJETBOpPSIOLIee YCJAOBHIO 3aJlayH, T. €. Takoe, 4ro J06OH
TPeYroabHUK C BepPIIHHAMH B TpeX pas/uuHblX Toukax A;, A; A, ¢ M
He COAEPXKHT APYTHX TOYEK 3TOr0 MHOXKECTBA KaK BHYTPH TPeYrONbHHU-
Ka, TaK W Ha ero rpaHuuax (CTOpOHax)

[AtAj]v [AjAh:L [AhAZ]°

[TokaxeM, 4TO TOYKM A; MOKHO YNOPAAOYUTb TaK, YTO MNOJYYeH-
HbIfi MHOTOYTOJIbHHK (HampuMmep,

A A, ... A,) Gyner BHNYKILIM.
BrifepeM  OpHEHTHPOBaHHYIO
8 ' npsimyio [/, He mapaJJeJIbHYIO HH
ofiHOi M3 mpsaMbiXx A;A;, npHueM
TakK, YTOObl BCE TOYKH MHOXKECTBA
M naexanu Gbl NO OAHY CTOPOHY
or /, Hanpumep npaBee ee. Byxem
A ABHraTh npsMyto ! Hanpago (npo-
Puc. 12 H3BOJIbHBIM 06pa3oM) A0 Tex IHop,
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1l0Ka OHa He «HATKHeTCS» Ha OJHY M3 HALMX TOYeK, CKaXKeM 11a TOYKY
A,. Tlonyuentyio npsmyto /; GyaeM NoBopauHBaTh BOKPYF TOuKH A,
J0 TeX TNop, MOKa OHAa He <HaTKHeTCS» ellle Ha OAHY M3 TOYeK — Ha ToY-
Ky A,. INonyunm npsimyio /,, Kotopyio B cBoto ouepeab Oyiem nosopa-
YHBaThb B TOM )K€ Hanpap/eHHH BOKPYT TOYKH A, 10 TeX nop, Noka oHa
HE «HATKHETCSI» ellle Ha OfIHY TOuKy — Ha Touky Az, u T. A. Boaee
YyeM Ha JBe TOYKH cpasy NpsiMble /; HATKHYTbCS HE MOTYT, TaK KakK No
YC/IOBHIO BCE TOYKH A, MPHHAMEXKAT TONbKO BepIIHHAM TPEYroJbHHKA.

Toukn A; € M pacnonoxeHb! TOJNILKO B BEPIIMHAX IOJYYEHHOTrO
MHOFOYrOJIbHHKa; KpPOMe BEpILMH, APYTHX TOYeK MHoxectBa M Hu
OfHa M3 CTOPOH MHOTOYroOJIbHUKa He COJEpHHT.

OcraeTcsi nokasaTb, YTO MOJYYEHHBII MHOTOYTOJIbHHK SIBAsIETCS
BLINYKJbBIM, T. €. He COAEPXKHUT BHYTPH HM OAHOH TOouKH A, € M. lnn
AOKa3aTe/bcTBA paso0beM MHOTOYFOJNIbHHK JAHAaroHalsiMH, BbIXOAS-
UMK H3 KaKoH-1M060 OAHOH BepIUMHBI, HAa TPeyroabHuUKH. Ecan 6wl
TOYKa, NpUHajjexamass M, HaxoAaulacb BHYTPH MHOTOYTOJNbHHKA,
TO OHA JieXka/la Obl BHYTPU HJIM Ha CTOPOHE OJHOTO H3 TPEYTrOJbHHKOB,
06pa30BaHHOTO TpeMsl H3 JAHHBIX TOYEK.

[TonyueHHoe nporHBopeune J0Ka3blBaeT, YTO BCE 71 TOYEK SABJAIOTCSH
BEPIUHHAMH BBINYKJIOIO /1-yTOJbHHKA.

I[Tpumep 6. Ha naockoctn naHo MHoxectBo M, coaepkatlee
1978 Touek, paccTosHHe MeXAy nOObIMH ABYMSI H3 KOTOpPbLIX He Ipe-
BocxoauT 1. JlokKaxeM, uyTO BCe 3TH TOYKH NPHHAAIEXAT KPYry pa-

1
H a —.
nyea -

Pemenue. Cravana Hamo JoKasaTb CYUIECTBOBaHHE Kpyra,
OKPYKHOCTb KOTOPOTO NpOXoAuJa Obl MO KpaliHell Mepe 4yepe3 TPH M3
JaHHBIX TOUEK M KOTOpbIfi cofepKas Obl B cefe BCe OCTa/IbHBIE TOUKH
JJAHHOTO MHOKeCTBa.

W3 paHHBIX Touek BblGepeM ofaHy A Takyio, YToGbl NpoXoasiuas
yepe3 Hee OKPYXKHOCTb JOCTaTOYHO GOJIBLIOrO pajuyca obGpasoBana
6bl KpYyT, COepaKalHii Bce AaHHble TOYKH. CTaHeM NOCTENEHHO YMeHb-
aTh paguyc 3TOH OKPYXKHOCTH TaK, 4TOGhI OHA, MOCTOSHHO MPOXOAS
yepe3 A, mpouma 6bl ewe uyepe3 oaHy Touky B € M. Torma kpyr,
06pas3oBaHHbI 3TOH BTOPOH OKPYXKHOCTBIO, Takxke OyJeT cojepxkarb
B ceGe Bce naHHBIe TOYKH. [locsie 3TOro OmfiTh CTaHEM NOCTENEHHO
YMEHbIIaTh PagHyC NOJNyUYeHHOH BTOPOH OKPYKHOCTH ZIO TE€X IOp, MOKa
OHa, NMOCTOSAHHO Mpoxois 4Yepes A u B, npouwta xXora Gbl elue yepes
onny Touky C € M. Kpyr, o6pasoBaHHEIl 3TOH OKPYKHOCTBIO, ONATh
Gyzer copepxath B cefe Bce AaHHbIE TOYKH MHOXecTBa M.

Tenepr paoKaxkeM, YTO paguyc 3TOTO Kpyra He MpPEBOCXOAHT

!
qucaa =
3

[Tycrs [AB] — Haubonbiuas croposa tpeyronbHuka ABC, T. e.
C > 60° (puc. 13). Onycrum nepnenaukyasp [OD] na [AB). Toraa
|0B? = |ODP + |DBP. Ho |0B| = R, |0D| <-;-R (Tak  KaK

7



8 AmB > 120° u |DB| < —. Tosro-

My R2<1R2+-Z. O'rmona R K

1
< —=.
0 = /3

Ecan xe |AB| = |BC| = | AC|,

1
Avc T0 R = s 3agaua pelueHa.

[Ipumep 7. J[lokaxem, uTO
Puc. 13 N1060# HepaBHOCTOPOHHHH TpeyroJb-
HHK MOXHO LeJIHKOM HaKphITh ABY-
MA MEHbLIHMH, IIOJNOOHLIMH €My Tpe-
YroJIbHHKaMH.

Pewenue. Ilycth |AB| >
> |AC| (pnc 14). IToctpoum Tpe-
yroabHuk AB’C’, mofoGHblil AaHHO-
MYy, TakoH, 4To

N TN
ACB = B'C'A u |AC'| < |AC| <
< |AB'| < |ABI.

[TpoBenem uepes TOUKY E =

= [BC] N\ [B’'C’] npamyo DE, na-
panaenbuyio [AC]. Honyqum JBa 1o-
noGHEIX TpeyronbHuka AB'C' uDBE,
KOTOpBI€ NOJHOCTBIO TOKPHIBAIOT JaH-
HBifl TPEYroJbHHK H KOTOpblE YJIOB-
JIETBOPAIOT YCJIOBHIO 3aJavH.

PaBHOCTOpDOHHHH  TPEYroOJIbHUK,
OYEBH/JHO, ABYMS NMOAOOHBIMH H MEHb-
IWIKMH  TPEeYroJbHHKaMH MOKPHITh
HeJsb3sl.

[Tpumep 8.  okaxkeM, 4TO

Puc. 15 BCAKHUH BBHINYKJBIH MHOTOYrOJbHHK,
naowaab KOTOpOro paBHa eIUHHLE,
MOXHO 3aK/JIOYUTh B Napanjelno-
rpamm, MJOLAaAb KOTOPOro paBHAa ABYM.

Pewenune. Ilyctb [AB] — HekoTOpas CTOpPOHa BHINYKJ/OTO
MHOTOYroJbHHKa M, IJomwaib KOTOporo paBHa eauHuue, C — TouKa
MHoroyronbHuka M, HauGosee yaanennas or [AB] (puc. 15). Orpesok
AC paspenus AaHHHI MHOrOYroJbHHK M Ha JBa MHOrOyrosbHuka M,
u M,. [lycrb Teneps D, u D, — TouxkH, Hanbonee yaanennoie ot [AC].
TlpoBenem uepes C npsiMylo a, napainenbuyio [AB], a uepes D, u D, —
npamele b u ¢, napaanennusie [AC]. Ilonyunnu napannenorpamm /7.
Tax kak MHOroyronbHHKM M, u M, BHINYKJAblE, TO OHH MOJHOCTHIO
coftepxar B ce6Ge tpeyronsHuKH AD,C u AD,C. Ilpamaa AC pasgeania
napaJjJzenorpamm /I Ha apa napaasenorpamma I1, un I1,.
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OuyeBHAHO, YTO

1 ]
SAmc = ;Sn,' SAII,C = ’Q‘Sn;

Orciona caenyer, 4to

Sp=S8p,+Sp, =280+ 25,7028, +25,, =2

I[Tpumep 9. B npamoyronbhuke, miowanb KOTOporo paBHa nsrH,
pacrnoJIoXeHbl JeBATb MHOIOYTOJbHHUKOB, IIOWIaAb KaXKJOTO H3 KOTO-
pblX paBHa eauHuue. JlokakeM, 4To cpeid HHX HaMayTca ABa MHOrO-

L*] l

yroJbHUKa, IJIOLaAb OOLel YyacTH KOTOPHIX He MeHblle Y

Pemenue. [lpegnonoxuM, 4To mIowan4 BCeX MONapHLIX mepe-

1
CeueHHH MHOroyroabHukoB M,, M,, ..., My MeHblIe 9 Torpa nonay-
yaeM, YTO NJOLIAAbL YaCTH MHOroyrojibHHKa M, He NOKpLITOH MHOro-
1 8

yroqpbHHkoM M,, Goabue | — 9 = o [MIOWAalb MHOrOYro/bHUKa
My, He NOKpHITast HH MHOTOYTOJIbHHKOM M; H HH MHOTOYTOJILHHKOM M ,,
Goabie 1 — T 99 ¥ T. A. HakoHen, niomazb MHOroyrodib-

HHKa M,, He MOKpHITass HH OAHHUM M3 MHOroyroibHukos M,, M., ...,
Mg, Goablue, yeM

1
9.

©
©
Lo | —

8 pas
[TonyyaeM, uro muomanb o6bearHeHHs1 MHOTOYronbHHKOB My, M,, .. .,
8 7
..., My B 3TOM cayuae nomxHa 6eiTh Gosblue, yeM 1 4 ry + ry + ... +

1
+3= 5, YTO NMPOTHBOPEUHT YCJIOBHIO. DTO H HOKa3LIBAaeT yTBepKAe-
Hile 3ajayH.

YNPAXHEHMKUS

215. B Tpeyronbuuke ABC B = 15°, C = 30°. Yepes pepunny A
nposejieHa npsiMasi, nepneHAuKyasapHaa [AB], o mnepeceueHus c
[BC] B Touke D. Ilokaxure, uro | BD| = 2 | AC|.

216. Haiigure B tpeyronbHuka ABC, ecan Bwicora [CH] paBHa

nosioBuHe JUIHHBL cTopoHbl [AB], a A =75
217. B npaMoyronbHoM TpeyroibHuke ABC Ha rumnorenyse [AB]
B3aTLl Toukl E u D rtak,uto |AE|= | AC|, | BD|= | BC|. Bhiuncaure

A~
DCE.
73



218. B npsamoyronbHoM TpeyroasHike ABC (£ C npamo#) npo-
Beaelbl 6uccekTpuchl [AD] v [BF]. W3 ocHOBaHMiI GHCCEKTPHC onylie-
Hbl nepneHauKkynapsl [DN] u [FM] Ha runoreHysy. Bruucaure
P

MCN.

219. B paBHOGenpeHHOM TpeyrosbHHKe OHCCEKTpHCAa Yyrja IpH
OCHOBaHHH KOHTPY3HTHa OAHOW M3 cTOpoH. Onpejenute BeJIHYHHBI
YIJIOB TPeyro/lbHHKa.

220. B paBHoGeapeHHoM TpeyronibHuke ABC |AB| = |BC| = b,
7\
|AC| = a, B = 20°. Joxkaxure, uro a® + b = 3ab®,

221. B paBHOGexpeHHOM TpeyroibHuke ABC B = 20°, |AB| =
= |BC|. Ha cropone [BC] B3fita Toyka D Tak, uto |BD| = | AC|.
N

Haiigute ADC.
222*, Yepes Bepiuiiibl A 1 B paBHOOepeHHOTrO TpeyronbHuka ABC,
B KoTopoM | AC| = | BC|, C == 80°, npoBeneHsl aBa Jy4a, NepeceKaio-
TN AN
ecst BHYTPH TpeyroabHyka B Touke 0. Haéigure BCO, ecnu OAB =
AN

= 10>, 0BA = 20°.
223*. Uepe3s Bepunal A M B paBHOGeApEHHOro TPEYrojbHHKa

P
ABC, B xoropoM | AC| = | BC|, C = 80°, npoBejieHn! 1Ba Jy4a, mepe-
CeKalollHecs BHYTPH TpeyronbHuka B Touke O. Haiipure BennuuHy

P P
yraa ACO, ecnu OAB = 10°, ABO = 30°.
224*, V3 Tpex KOHTIPY3HTHBIX KBaJApaTOB COCTABJIEH MNPSIMOYIOJb-
Huk ABCD, npuuem [AD] — Gosblllasfi CTOPOHA NPAMOYTOJbHUKA.
U3 BepuiuHb B npoaeneﬂbl TPH nnarona.nn [BE], [BF) u [BD]. Bu-

YHCJIUTE CYMMY BEA -+ BFA -+ BDA

225*, Brpicora, GucceKTpuca M MeJHaHa, NpOBEJEHHLIE M3 BepIIH-
Hbl B Tpeyronbiuka ABC, pa3nenuiu yroja npH ero BepLIHHe Ha 4e-
TBIPE KOHTPY3HTHBIE yacTH. Haliaure BelMUHHBI YIVIOB 3TOrO Tpey-
FOJIBHHKA.

226. Ilyctb M u N — cepeauHbl NPOTHBONOJOXHBIX cTOpoH [BC] n
[AD] erinykaoro yerbipexyroibHuka ABCD. CoeguHuM TOuky M ¢
toukamu A U D, touky N ¢ Toukamu B u C. Tloayuyum Touku P =
=[AM] N [BN] n Q =[MD] N [NC]. Hokaxure, 4TO IJOIIaJAb
yeThlpexyroibiika MQNP paBHa cyMMe MNJoliajeidl TPeyroJbHHKOB
ABP u CDQ.

227*. Touka BHyTPH paBHOOeApeHHOH TpaneuuH CoeiHHeHa Co
BCEMU BeplUHHaMH. JIOKaXKHTe, UTO M3 YeTblpeX MOJYUUBLIHXCS OTpes-
KOB MOXHO CJIOXKMTb YeThIPEXYTOJNbHHK, BNHCHIBAEMBbIH B 3TY TpalelHio
(Tak, 4TO Ha KaXJOH CTOpOHE JIEXHT MO OAHOHl BepIIHHe YeTbipex-
YIOJIbHHKa).

228. B BuinykiaoM mectuyroapuke A;A,A;A,A;As nporuBomno-

JIOXHBIE CTOPOHBI MapasiesbHbl. JIOKaXKure, Y4TO NJIOLIAAH TPEYrofb-
HukoB A,A;A; u A,A,Ag paBHbL.
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229. PaspexbTe NpPOU3BOJNbHHIA TPEYroJbHHK Ha TPH YacTH Tak,
YTOGBl H3 HHX MOXHO OBbIJIO CJIOXHTb MPsIMOYTOJIbHUK.

230. JJokaxHTe, UTO ILIOWAAb I[PaBHUJABHOTO BOCbMHYTOJbHHKA
paBHa npou3BeleHHIO Hanbonblleil U HaHMEHbIUEH AHAaroHased.

231. JlucT nOKpHIT ceTKoi KBaApaToB. MOXHO JIH MOCTPOHTD:

a) paBHOCTOPOHHHII TPeYroJbHUK C BepUIMHAMH B y3JaX CeTKH;

6) NpSAMOYTrOJbHLIH TPeYroJbHUK C LEJIBIMH AJIHHAMH CTOPOH TaK, YTO-
Gbl BCE €ro BepLUMHBI COBMA/H € Y3/1aMH CETKH H HHM OJHa CTOPOHA He
I1a MO JIMHHAAM CETKH.

232*, UYepes Touky M BHYTpH AaHHoro ocrporo yria AOB mpo-
BECTH NPAMYIO, OTCEKAaIolyl0 OT YIJa TPEYroJbHHK C HauMeHblued
nJomaznbio.

233. Ilromanp Tpanenuu papHa 1. Kakyio HaHMeHbIIYIO BEJHYHHY
MOXKeT MMeTb GoJiblliasi JHaroHa/b 3TOH TpanenuH?

234*. JlnaroHanu AenfiT BHIMYKJbIH YeThIPEXyroJbHHK Ha Yerbipe
TpeyrosibHHKa. V3BecTHO, YTO MJOWAAH TpeX M3 HHX paBHbl 1, 2 u
3. Kakoii MoxeT ObITb IJIOIaflb YEeTBEPTOTrO TPEYTroJbHHKA?

235. Hokaxwute, 4TO BHINYKJAbIH 1999-yrosbHHK Henab3s pa3pes3aThb
Ha napaJJenorpammsl.

236. lokaxurte, yto NO KpailHedl Mepe OAHO M3 OCHOBaHHi mep-
NeHJHKY/poB, OMYIIEHHbIX M3 TPOHM3BOJILHO B3ATOH BHYTpPEHHEH
TOYKH BHIYKJIOTO MHOTOYroJIbHHKa Ha €ro CTOPOHBI, JIEXKHT Ha CaMOH
CTOpOHE, a He Ha ee NPOAOJKEHHH.

237. Jokaxkute, uTO He CYIIECTBYeT 3aMKHYTOH JIMHMH, nepe-
CEeKaloled OAHWH M TOJNBKO ORHMH pa3 Kaxkaoe 3BeHO NATHKOHEYHOMH
3BE3JBl.

238. Ilokaxure, 4TO HeJIb3sl NPOBECTH MNPSMYI0 TaK, 4TOObl OHa
nepecekana Bce ctopoHbl 1001-yroabHuka.

239. HsBectHo, 4ro 3aMKHyTas JioOMaHas JHHHS coctoMT H3 203
3BeHbEB, MPHYEM HHMKAKHE JBa 3BeHa He JeXaT Ha OJHOH npaMoil.
Kakoe HanboJiblllee UHCIO TOYEK CaMONepeceueHusi BO3MOXKHO LJIsI Ta-
KOH JIHHUH?

240. Buyrpu Beinyksoro 100-yrombnuka BeiGpano 30 Touex Tak,
YTO HMKaKHe TPH U3 HHX HE JexaT Ha oano# npsmoil. 100-yrombumk
paspe3aH Ha TPEYrOJbHHKH TaK, YTO COBOKYMHOCTb BEpIUHH BCEX
3THX TPeYroJbHUKOB coctout H3 30 BbIOpaHHbIX Towek W 100 Bep-
IIMH JIaHHOTO MHOTOyroabHHKa. CKO/MIbKO NOJYYHTCSI TpPEYro/bHH-
KOB?

241. 2000 Touek Ha IUIOCKOCTH pacClOJNIOXKEHbl TaK, YTO Jiobbie
yeThipe H3 HHX JIeXKaT B BepIUHHE BBHINYKJOTO YEThIpeXyrojbHuka. Jlo-
Ka)KuTe, YTO TOTAA BCE TOYKH JiekaT B BEpLUMHAX BBINYKJOIO
2000-yrospHHKa.

242. Ha nnockoctd mposenensl 2000 monapuo ne mnapaJjienbHbIX
npaMbIX. UYepes Touky mnepeceyeHusi JOGBIX ABYX M3 3THX NPSMBIX
MPOXOAHUT 10 MeHbLIEH Mepe el OfHA W3 MNpOBeJeHHBIX HpsAMbIX. Jlo-
KaxXxuTe, 4TO BCE MpsAMble NPOXOAAT YEPE3 OAHY TOYKY.

243. Vs natu NaHHBIX OKpyxHOCTeH JoGbie YeTbipe NpPOXOAAT
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uepe3 OfHY TOUKY. [loKaxkuTe, 4yTO HaljeTcs TOYKa, Yepe3 KOTOPYIo
NPOXOAAT BCE MATb JAHHBIX OKPYMKHOCTEH.

244. Touka A JNeXHT BHYTPH weCcTH Kpyros. JloKaxure, 4o
ILEHTP OAHOTO M3 3THX KPYrOB JIEXKHT BHYTPH KaKOro-T0 APYroro
M3 HHX.

245. Ha naockocti BbiOpanbl 1000 Touyek TakK, 4TO HHKaKHe TPH
113 HHX He JIeXaT Ha OfHOIl npsiMoii. Kakoe HanGoJbluee YHC/IO Henepe-
CEKAIOLHXCA  YETIPEXYroJbHHKOB, BePINHHAMH KOTOPHIX CJYXKAT 3TH
TOYKH, MOXKHO NOCTPOHTb?

246. Ha nsockocTH pacnosioxeHs 2, 3, .. ., n NPAMbIX, H3 KOTOPHIX
HHKAaKHE JBe HE mapaJ/iieJibHbl H HHKaKHe TPH He MPOXOAST Yepes oAHY
Touky. Ha ckonbko wacreil pasbunach naockoctb?

247. B oxpyxHocTb pajHyca 1 BnucaH npaBHAbHBE 1980-yrob-
HHK. Hafipute cymMy KBaapaTOB pacCTOsiHMH OT NpPOM3BOJNLHON TOUKH
OKP)?KHOCTH 10 BEPIUMH 3TOFO MHOrOYrOJIbHHKA.

248. Jloxkaxure, uto Jio6bie 1000 TOYeK NJOCKOCTH MOXKHO pa3Guth
Ha JBe IPYNMbl TAK, YTO 3TH TPYNIEl HeJlb3sl OTAEMHTb OJAHY OT APYroM
HUKaKOH mpsiMOii.

249*. Ha apene wuupka panuyca 10M Geraer JeB. J[lsurasch
Mo JIOMaHOH JIMHHH, OH npoberaer 3a BpeMsi npeacTaBaeHus 500 M.
JlokaxuTe, 4TO CyMMa BEMMYHH BCEX YIVIOB, Ha KOTOphIE JIEB NOBOpa-
UNBaJCH, He MeHblue 48 pajauaH.

250. Ha njockocTH pacnofoxeHBl n TOueK TaK, YTO ILIOLIAAb
J000T0 TPeyrosbHHKa ¢ BepIUHHAMH B 3THX TOYKaX He GoJblle efHHH-
usl. JlokaxiTe, 4TO BCe 3TH TOUKH MOXKHO MOMECTHTb B TPeYrOJbHHUK,
Nn.10Uaxb KOTOPOro paBHa YeThipeM.

251. Ha nnockoctu paust 1979 touek. MaBecTHo, uTO M3 JI06BIX
TPeX TOYeK MOXHO BHIOpaTb JiBe, PAcCTOSTHHE MEXAY KOTOPHIMH MeHb-
we eauHHuubl. [lokaxure, 4To cpegy JaHHBIX ToueK Haifiaercss 990 Touek,
Jexaluux B Kpyre, pajuyc KOTOpOro paBeH efUHHLE.

252. B eaunnunoM KBaipate pacnosoxeda 51 Touka. JloKaxwure,
YTO HEKOTOpLIE TPH H3 HHX 00s3aTe/bHO HAaXOAATCH BHYTPH KpYyra,

paguyc KOTOPOTro paBeH %

253. [lana niiockas saMKHyTas JIoMaHasi, IeDUMETD KOTOPOH paBeH
epunnue. Jlokaxure, 4TO CYLIECTBYeT Kpyr paauyca e coepallui
B cebe BCIO JIOMaHYIO.

254. Ha naockocry maHo 1999 touek. UaBectHo, uto cpenH Jo6bIX
TP€X M3 HHX HMEIOTCA 1Be, PACCTOSIHHE MeXAY KOTOPHIMH He NpeBLILLa-
er 1. Jlokaxure, 4TO Ha IJIOCKOCTH MOXHO NOCTPOHTH ABa Kpyra,
panuyc KaxJoro u3 KOTOPBHIX paBeH eMHHLE H KOTOPhIE 3aKPOIOT BCE
9TH TOYKH.

255. [loxaxure, 4to JMOGOH TPEYroJbHHK, MNepHMETP KOTOp 0ro
paBeH JBYM, MOXHO LEJHKOM NOKDHITb KPYroM, pajgHyC KOTOPOTo

1
aBeH e
P 2
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256. MoXHO /1 MOKPHITb NMPAMOYFONBHHK ABYMS MEHBIUMMH Mps-
MOYTOJbHHKAMH, MNOJOGHBIMU HCXOAHOMY?

257. [loKaxuTte, YTO Tpeyro/lbHHK, [JOWAAb KOTOPOrO paBHa
eaHlHLe, Hesqb3sl 3aKJIOUHTb B MapajiesiorpaMM, IJIOIAAb KOTOPOro
MeHbLUe JBYX.

258. MoxkHO /M JiI060OA BBINYKJ/ILIA MHOTOYroJibHHK, INVIOWAAb Ko-
TOPOTrO paBHA €AHHHLE, 3aK/IIOYHTb B TPEYTOJbHHK, IJIOWAAbL KOTOPOTO
paBHa JBYM?

259. [lokaxkute, yro mapaJ/ijejorpaMM, ILVIOmAAbL KOTOPOro paBHa
eIHHHLE, HeJIb35l 3aK/IOYHTh B TPEYTONbHHUK, IIJIOIaAb KOTOPOTO MEHbLLIEe
ABYX.

260*. Ha xadrane, niomaab KOTOPOTO paBHA €JHHULE, HMEIOTCH
nath 3ansat. Jlokaxkure, YTO: a) €CNH MJIOLAAb KaXKAOM 3amiiaTthl He

l 1) o
MEeHbILe Y TO HalAYTCA ABE 3amJaThl, MIoUlaAb 001l YacTH KOTOPBIX
l w
He MeHblle -5-; 6) eciu miowlaab ofuied yacTH JOObIX ABYX 3amnar

| o o
He MeHblle " TO Haligyrcs TpM 3amjathl, mjowaab obueld uyacty
3
KOTOPHIX He MeHbLlue o

261. Kopuzaop MOMHOCTBIO MOKPBIT HECKOLKHMH KOBPOBBIMH JOPOXK-
KaMd, IIMpPHHAa KOTOPBIX paBHa IIHMpuUHe Kopuaopa. Jlokaxure, 4TO
MOXHO CHATh HECKOJIBKO JOPOXKEK TaK, 4TOObl OCTaBLIMECS He HaJjeraju
APYT Ha JApyra M INOKPHIBaJH He MeHee mosoBuHbl Kopuaopa. (I1peano-
Jaraercs, 4to Jo0yo AOPOXKKY MOXKHO H3bAThb, He H3MEHHB IOJOXKEHHH
ApPYTHX.)

262. B komHuare miomwagbio 6 M? nocreseHbl Ha MOy TPH KOBpa
npou3Bo/bHON (opmbl Mmiowansto 3 M? Kakaeiit. Jlokaxkure, 4TO Ka-
KHe-HHOYAb JBa M3 3THX KOBPOB HaJseraloT ApYr Ha Apyra no nJolaaH,
He MeHblIeH OAHOro KBajJpaTHOro Merpa.

263. Ha crose nexar 15 KypHaJsoB, NOJHOCTBIO 3aKpbiBasi €ro.
Jloxkaxure, 4To MOXKHO y6paThb 7 KYpHa/OB TaK, YTOOBI OCTaBIIHECH

3dKpPbiBaJIH HE MEHEE -ig NnJaowangn croJia.

§ 7. DyHKUKMA, NPOM3BOAHAN M HHTErpPan
264. lana ¢yHKuus

_ 34+ x x K0,
f(x)"{3—x, x;O.

Hafignre f (f (x)) u nocrpoiite ee rpadux.
265. Hccnenyiite ¢pyHKuuio mo nepemexHoit x € R.

y=2x—1—Vy*—2xy + 3x — 2.
IMoctpoiite ee rpaduxk.
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266. Jloka)kute, YTO (PYHKUHUA

X

X241

y::

Bo3pacraer Ha orpe3ke [—1; 1] u yGuiBaer BHe ero.
267. [lokaxxute, 4TO

f(x) =a*—0b* tnea>b>1
— Bospacraiomasi (pyHKuHs Ads HeoTpHuarteabHoro x. IlpuMeHure

CBOMACTBO 3TOM (YHKUMH /A pelleHHs ypaBHeHHa 5% — 2% = 21,

268. Ilycte nmpu HeKOTOpPOM ¢HKcHpoBaHHOM a € R u moboM x
u3 obnacTu onpejeneHus GYHKuHH [ (X) BBINONHAETCS PaBEHCTBO

R
fo)”

Asnsiercs au [ (x) nepHognyeckoit HyHKUHUEH?
269. Ilokaxure, yto PyHKUHS

f(+a)=—

flx)=— sm-;'c-

He OrpaHHyeHa B JiIOGOH OKPECTHOCTH TOYKH x = 0.
270. Jlana ¢yHKums

() =V —ax-Fb% tne b >a >0.
IToka)kure reoMeTpHyeckH, 4TO

lirrJ f(x) = lim f(x) = b.

x-+a

271. Tlpu KakuX 3HayeHHsAX X W y BLIpaXeHHe

_ 3y —4dxy
x4 y?

npuHuMaer HauOoJibliiee W HaHWMEHblllee 3HAYEHMs?
272, Hailaure HauMeHblllee W HauGoJbllee 3HaYeHHs (QYHKLHH

z2=1x"+xy +
1<+ P2

273. Jloxkaxwure, 4TO (YHKLUA

npH YCJIOBUH

f(X) ={O, ecqu x € Q,
X%, eCIM X HppALHOHA/ILHO,

audpdeperurpyema B Toyke ¥ = 0,
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274, okaxuTte, 4T0 (YHKIHSA

1 1
f(x)=['—;z:’ e n+l<|xl<?
0, ecsiu x =0,

He nuddepeHuupyeMa B Touke x = 0,

275. Ykaxute ¢yHkumio f (x), AuddepeHuHpyeMyl0 B TOYKax
x=0,x=1, x =2 4 paspbiBHYIO B JPYTrHX TOYKaXx.

276. Uro MOXHO cKasaTbhb 0 AuddepeHuHpyeMoH QYHKUMH, eCaH
ee NpOH3BOAHAas — rnepHoauYyecKas (QYHKIHA?

277. C noMoupio JudpdepeHUMPOBAHUS AOKaXKHTE CNPaBeAJNBOCThb
TOXK/€ECTB:

a) cos® (x -+ ?33) + cos? (x-—— 2—3’5) + cos? x = .g.;

. 2x
6) 2 arctg x 4 arcsin ke n, x > L.

278. C momouypio audpepeHUHpPOBaHHSA JOKaXKHUTE CHPaBeLJIHBOCTD
HepaBeHCTB:

a)a-{—%}? npu a > 0;

6) 2 (x® +6x) >9x% 4+ 4 mpu x > 2;

B) a® + b® + ¢® > 3abc npu a,b,c > 0.

279. C nomowpio auddepeHuypoBaHus Halpure ¢GOPMYyJabl Aaa
CyMM:

a) 1 4+ 4x -+ 92 -+ ... + nixn7l
6) 1 + 3¢ 4+ 5t 4 ... 4+ (2n — 1) x2772,

280. [lemwexon Haxomutrca B TOuKe A MOKPHITOTO CHEroM MOJiA Ha
paccrosHu [ ot npsamo#i goporu, Beayuwe# B ceno B. [lo cuery netne-
XOJl JBHMXKETCA CO CKOPOCTBIO U KM/4, & MO AOpOre — CO CKOPOCTLIO
o KM/u. B Kakofi Touke C OH J0/12KeH BBIfiTH Ha JOPOTY AJA TOTO, YTOGH
B KpaTya{llu# CpoK mnomacts B ceqno B?

281. B paBHOGepeHHbIH TpeyroJbHUK ¢ AAHHOH GOKOBOH CTOpOHOM
BIHCaHa OKPYXKHOCTb. [Ipn Kakofl BeJHUHHe yIyia NPH BepLUHHE 3TOro
TPEYroJIbHHKA Pajuyc OKPYXKHOCTH OyAeT HaHGOJbLIMM?

282, JI/iMHBI JBYX NpPOTUBONOJOXHBIX pebep TeTpasapa paBHbI X,
a BCe OCTaJIbHBIE HMEIOT AJUHY, paBHYIO 1. Bripasute o6beM TeTpasipa

Kak ¢yHKuuo ot x. [Ipu KakoM x o6beM TeTpasapa UMeeT Hanbogbluee
3HayeHHe?

283. Tlycts F (x) — nepBooGpa3Has Aisl QYHKIMH X — 5(33— 1) ds,
0

npuHuMalomas B Touke O 3HaueHue, paBHoe —1. Uemy paBHo F (—1)?

284. [okaxwure, yro ecau F (x) — mepBooGpasnas masi GYHKUMH
f (x) na orpeske [a; b], To B Kaxao# ero Touke pyHKuHA y = F (x) -|-
-+ cOs ¥ HMeeT NPOU3BOAHYIO.
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285. Haiigure ownOKy, AONYILEHHYIO NPH CAEAYIOUWHX BblYHCIe-
HHAX HHTErpana:

dx
n n
j‘ dx _ j‘ dx _ cos®> x
14 2sin?x . cos? x 4 3sin?x 14 3tg*x
0

Kak npaBu/bHO peluThb?
286. Broiuucaure uHTerpan
100

j‘ Vl _;°S2xdx.
0

287. C moMmoLIbi0 HHTErpa/bHOrO HCUHCAEHHA JNOKaXKHTE Hepasel-
cTBa:

b
a) ln-;



OTBETHL U YKA3AHMKUSA

1. x=9. 2. Ecain x—OCHOBAHHE CHCTEMHl CYHCTEHHS, TO H3 YCJOBHSA CEAyeT:
4 + 64+ 3x + 4 = (52 4 Bx - 5) - 5+ 5x® + 3x. Ortciona x = 7.

3.3 mm 2V 2+ VY13 4.3.5.16. 6. 12. 7. 5 7, 8. 8 a) {%-i—.nk;
—;-(—l)" arcsin2(1 — Y'2) + an | &, neZ}; 6) [%+2nm; (——l)"%-{— nn| m,

5 1 V17
nel}; B) {:}:-%—l—nk; j;g:t-}-ﬂt; -_-f;;arccosl_isl-{-‘mn[k.t,nEZ};

r) {4nk; :I:%-l-?unl k, n¢ Z}. 9. Ecan %—pauuonanbuuﬁ KOpeHb MHO-

rouneHa M f(0) = a, HeueTHoe, TO p —neuemoe yncno. Tak kak f (1)ip—gq,
TO p — g HeueTHOe, g dYeTHoe, 11. — (4R -+ 1) 2 +pPx — pS =0, rae
R — paxnyc onucanHo# Opr)KHOCTPl, r — paliHyc BINHCAHHOA OKPYMHOCTH,
p — noaynepumeTp, S — nJjomaab TpeyronbHuka, 12, 8«23 — 4x?—4x 41 = 0.
13. Mycrs @, B, Y — KOpHH ypasHenns. Toraa nocneaoBaTenbHO MOXHO MOJY-
YHTH: a—a——l b= —a, o8 =0t —203 4 o2 =@ — @@ —
—2(@—1)+ a?=20° — 3a + 2, @'8= 2lo*— 28a -- 16. AHanormuHo 3anu-
catb P'® u y'® a sarem, nmpumenus c¢opmyas Buera, moayuum: ol 4 plé 4

1
+ =90 14. S=TV—k‘+4mk2—-8nk—|—80. YKasauue

S=V{p—a)(p—b(p—c)(p—d), rae a, b, ¢, d— 1HHH CTOPOH,
p — nepHMeTp deThipexyroabHuka. 16. 1; 9. 17, a) {(1; 1; 2), (I;

2; 1), (2; 1; 1)}; 6) moGas koMmGuuauusa Tpofiku uucem: 1; 2; -2!-

18. OguH u3 KopHeill ROJKEH PaBHATbCA —%. Hckomoe cooTHoweHHe 82 =

. p 2p?
= 4pg — p®. 19. a) a® — 4ab + 8¢ = 0; 6) a¥d = c 20.r=-3—q——9-.

21, q“ — 4pgr + 8r“ =0, 22. 6 Hau —6. 23. IMycts |CA| = x, Toma |CD| =

= |AB| = a' Ypamtennea ]/a2 = +]/ _.._.(x>a)

x2
541
|4 2+ 24. Tlyets |AE| = x, |DC|=y. Cuctema: ab=xy,

(a+ y)2 + a2 (x —+ b)%. Orciona ypaBuenue x* -+ 2hx® 4 (B — 20%)x% —
— 2a%bx — a@*0®* = 0. KoTopoe caonn’rcﬂ K KBafpaTiiOMY OTHOCHTeNbHO x% -4+

/L h
4+ bx = 2 OrBer: |AE|= b-[—;a—i-b

oTCIoA2 x = a

[
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2 2 L Re2
Cy 25, x=‘/r2+a +aVa+ 8r _
2
/| —r, TAe X — JANHHA BHemwHeil 4acTH
IR cexyedi (AC). 26. [lycrs (puc. 16) DC;NM
TN < \\ — HCKOMOe ceueHHe, JJMHa pebpa
\ / \ Ky6a paBHa 1 u IEKI = x. ypaBHe
\ nne (Y2 —x) Y1+ 2= 1, unn x*—
Y 22+ 38 —2 YT X+ 1 =0—
/K BO3BpaTHOE, OrBem |EK| =
/ _ Vi+i1-—Vayi—i

—— - 2 . 270 BH‘
/ cota cermenTa h = 0,7740R. 28. Ypas-

Henue x} —3x+ 1 =0, rge x= R’;
D [Mockoanky 1 < x < 2, Gepem x, =
Puc. 16 = 42 -?— Hmeem: f (%) -

2
3
[TosoxuM x =—é-+z; x=1,56320.

=

L

8’

R N
29, -;l-::15320 30. [llyetsr ASB =

= o, OKS = @ (puc. 17). Ho | OK | =
=|SK|lcosp n |AK| = ISKItg%

o
Orciona cos ¢ = tg—Q—. YuuTniBag ycao-

Bne = @), MNPHMEHHB TOXIECTBo
I —cosg
2 B TOJOXHB COSP=
g Vl -+ cos ¢ b=

= x noAy4YuMm ypaBhenue x° -+ x? -
+x—1=0. 31. Ilycte f — BenuunHa
3

NJOCKOrO yria npH BeplIHHE MHPaMHAB. YpaBHueHHe 2 sin—2—= cos —2-[3, HJIH

#4+2—6=0, rae z=2cosP Orper B =35°10, 32. [ycrm
¥ — BequuMHa yraa, of6pasoBaHHOro GOKOBEIM pe6poM ¢  MJOCKOCTbIO  oOC-

HOBaHHA. YpaBHeHHe 2 tg% = tg ?Y' wiH 28 + %2 —x —1=0, rne

2
X = cos g OTrser ~ 50°45’. 33. y = 64°, rme Yy yrom HaknoHa

6okoBoro pe6pa K IJIOCKOCTH ocHOBaHus. 34. a) ; 6) o B) {(22; 5);
(19; 12); (29; 12); (—29; —12); (—22; —5); (—19; —12). (2; —95); (—2; 5);
(26; 13); (—26; —13); (13; 0); (—13; 0)} r) {(10; 0); (—10; 0); (17; 3); (1; 3),
(=1; =3); (—17; =3); (18; 4); (6; 4); (—6; —4); (—18; —4); (15; 5); (—15; —5) };
n) {(13 3); (—13; —3)}; @) {(0; 0);'(2; 2); (0; 1) (1;0); (2; 1); (l 2)}; %) {(0;0);
(—1; 1); (1; —=1)}; 3) {(30; 6); (—20; 4); (10 10); (6; 30); (4; —20)}- n) paa-
NOXHTb Ha MHOXHTean. OTBert {(2; 3); (—2; —3); (4: 3), (—4; —3);
(—2;3); (& —3). (—4 3); (4 —3)} k) {(2; 1) (=2; —1); (—2; 1);
— n? m®4n?
@ -1y a0 L
M) {(*(a® —-2!)‘3); 2ab; a® 4+ 2b%)| a (wewetno) >0, b >0, (a, b) = 1)}
35. e) BruigeauTb ABa KBajpaTa; 3) pacCMOTPETb Pa3/iUHYIQ YeTHOCTb YHCE X H Y;
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L |

K) nepefiTH K cpaBHeHHI0O TI0O Moaymw 5. 36. a) {(Qk;g — l)lk € Zo};
2 2
0 {(5 @k -+ 1) @ — 12 @ = D)is enfim) (02105 432 3 3

2); (@; 20+ 1; 1) [a € N} 37, a) {(1;3;2); (7:—1; 0); (15 2; 3); (7: 0, =) };
6) {(6;6); (—7; =7} B) {(1; 1;2)). 39. 24. 40. 402, = 204,, 201, = 102,.
41. 5776 = 76% 42, 1951. 43. Heabsn. 44. x, = 228* — 14% + 2 n x, =
= 22k — 30k + 10. 46. 1 u 10.847. a) &; 6) —¥V3<x< —V2 V2K
<x<V3 B {1} {0; %—; ;}; D 22mt+1<x<2m+2 me€,

— 1 3 7 1 13

3 3 /a5

-— . . — — et o — o — e g ;

o (V7B W VB o {1 1 g 5 el W 2 < x <3

-;—<x<1;3,5<x<6.5;7<x<8;9<x<9.5;x) 2 < x< 2,5 3,5 <

<x<6575<x<8m) —1<x <0 YESx<3 VIIKx <V
<<V m {210 1) 0u ?.irl_lfﬂ<x<3_'i"x*%. 4. x¢R

N
. ([£] 1) (o 2[2] ) o V-l
( k 2 k]' ) ' 1
_ x3—4x+8.
6) f(x) = T a—2)
a2 —a
setT. f(x) =w2—_l)—;,a9& +1; r) moacraBHTh 3HaueHHs 2,3, ..., n H CJI0-
a®(a" 1t —1)

XHUTb NOJyYeHHble paBeHcTBa. O TBe T f(n) =14 7 ecqn a == 1;

In
f(n) =n, ecntu a = 1 p) ananoruuyno, OTBerT f(n) = ln,rlt

14

TPH NOACTaHOBKH: x = 0, y = f; x=% + t,y=%; x=1, y=;+t.
OrBer. [(x)=acosx+ bsinx 55 Bepasurs f(x-+ 2m), f(x+ 3m)
Hf(x+ 4m) depes f (x). 56. a) f (x) = e%*; 6) MOXKHO 3aMeHHTb B NPaBOH YacTH
ypaBHEHHS X Ha x -+ ¥, a y Ha 0. YpaBHeune cBoautcs X Ne 53, a; B) NOJOKHTD
x=0,y=1¢ x=1¢ y=2 x=1 y= —2f u uckaouuts [ (—1?) H7f(3t).

a—4
Otrser. f(W)=x+a;n)f(x)=x+a;0) f(x) =x+ b, rae b= 3

[Tposeppre, OTBeT f(x)=x-+1. 58. a) {(%—i— Tk; -——Z'— ntk 4+ 2mn)

|k, n € Z}; 6) paccMOTpeTh ypaBHeHHe KaK KBaJpaTHOe OTHOCHTEJNBHO Z =
= 2%in ¥ Tak KaK KOPHH ypaBHeHHs AeHCTBHTeJbHHe, TO y = 0, cos® xy = 1

u 25in¥ = cos xy, npuyem cosxy > 0. OrBer {(nn; 0) |n € Z}; B) {(:rm —

— arctg V2; i:——!— 2:rck); (arctg V2 + :nn;sf:-{— 2nk)

&

. 52. 30. 54. a) f (x) = 0;

3aMeHHTb X HA — H HCKJAKYHTH f(~—). Or1-
x X

1
; €) chenaThb

n, k € Z}; r) haHHoe

16
ypaBHEHHE MOXHO npeo6pa3oBaTh K BHAY: (2 — sin? 2x) (l +— = 16+
sint 2x
16
+ siny, o 2 —sin?2x > 1, 1 4 _'_'2—> 14+ 16=17,164sin y < 17;
sin! 2x

sin? 2x =1,

noNyyaeM CHCTeMy { k, nEZ};

Fid nk n
OTFEer. S T A el
TBEeT {(4 -+ 2 3 -|-2:m)

siny = 1.



1) NpHBEAEM JIeBYIO YacTb ypaBHeHus K Buay: tg2 x + tg? y 4+ 2ctg? xctgl y =
=(tgx—t@y)’P+ 2@ xtg® y + ctg? xctg? y) = (tgf x — tg* y)* +
+ 2 (tg x tg y — ctg x ctg y)® -+ 4, Toraa ypaBHeHHe MOXKHO 3aNHCaTh:

(tg?x —tg2y)? + 2(tgxtgy —ctgxctgy)? + 1 = sin? (x + ).
JleBasi uacTb 3TOro ypaBHeHus! 6oablue WK PaBHA €AHHHUE, & NPABaf — MEHb-
we MM paBHa eauHuuc. [1o3ToMy ypaBHenue YAOBJETBOPSIETCH B TOM H TOJbKO
TOM cJydae, KOraa o6e 4acTH paBHibl eIHHHUE, T. € KOrJa COBMECTHA CHCTEMa
ypaBHeHHH:

tgxtgy —ctgxctgy=0,
sin* (x + y)=1.

n n
OTBer. {T(2k+l); vy (4m—2k+l)) k.mel}. 59. a) {0; DN};

6) {(0; 1)}; B) nyctb z= x — 1, HcpaBeHCTBO nNpuMeT BHA: —|y |+ z —
—V22+ 22+ y* > 0. Ecaim z <0, To pewenuit uer. Ecan xe z > 0, 1o
V&+ 22+ 2 >V =2 okynaz — V2 + 2z + y? < 0. CkaagniBaa 370
HCPABEHCTBO C OUEBHAUBLIM liepaBeHcTBoM —|y | << 0, wumeem: — |y|+
+z2—VZ2+ 224+ <0 YcaoBuio 3aaaud  IOJUKHB  YIOBJETBOPATb  Te
3HaUeHHS y H Z, NPH KOTOpuX —|y| 4z —V22 4+ 224 y2 =0, 1. e |yl =
=0,z= 224 22, orkyaa y =0, 2=0, x = 1. 60. x = nn, y NpOH3BOJb-
HOe, BXojsimee B obnacTh onpefenenus tgy, z=y 4 mm 61. a) Cucremy

{tgzx —tg2y=0,

1
cBecTH K HepaBenctsy (x — 2)2 -+ 2y + 12 < 0. OTtBeT x=2,y= —2-14
z<< 1,5. 62, {(2; 2; —2)}). 64. Ecau (xg; yo) — peillenie CHCTeMHI, TO, KaK Jerko
3aMeTHTb, (—X,; Yg) TOKE yjaoBaeTBOpsieT cucteMme. 3naunT, x, = 0. Toraa

I =y, + a,
y% = 1.
Orciona ciaepyer, uTo ¥, paBHo au6Go 1, 160 —1 0 B COOTBETCTBHH C STHM a pas-

Ho au6o 0, nubo 2. Hanee paccmoTpeTb 06a cayyas. OTBeT. a=0. 65. x =
=Vby=0,a=0,0<b<<1.66. a=167.a=2 68 a=1 69. a =

3n n
=41 nam a= —1. 70. 1) a= 0, x——~y=T; 2) a =2, x=y=?<
a a ap—
72. a) 3anucarb HepaBeHctBo C; 2> Cp anst uHcen a—l, a—z-,.. L L.
2 3 a 11
73. Ucnonb3oBats Ne 72, a. 74. Cneayer u3 HepaBeuctsa C; 2> C_;. 75. a) Fanucats
nHepaBenctBo C, > C_; nas uucea logy ay, log, ay, . . ., log, g,, " npeoﬁpasgaa'rb,
o4 o—

2
NpHMEHHB GOopMyJy MOAy/as nepexoja. 76. 3amenutb gq; Ha x;, q; 2 nay;,
Toraa a?"'ﬂ:x?, a}”"ﬁ= y:, af = x;y,. Tlpeobpasosas, noayuures  me-
paBeHcTBO ByHsakoBckoro — Kowwu. 77. a) I[IpumenuB cBofictBo (npumep 1, r)
Ci (@) Gy (b) > C (ab), HenocpeACTBeHHO TOJNy4aeM HCXOXHOE HepaBeHCTBO.

Z
79. tyg > tg,s 80. a) Ilpeasapurenvho nokasaTb, yto cos 10° cos 50° cos 70°=

~Y3

= a 3aTeM NpHMeHHTb cBolcTBO C; > C,; 6) cHauana AoKka3aTs, uto tg? 10° 4

+ tg%50° - tg270° = 9, sateM npumenutb cBofictBo C, > C 4. 82. [IpumeHUTH

2
n—1

Hepasenctso C; > C, aasa uucen [x], [x + —;—], C ey [x—k ] H  yuecTs

n
84



TOXAeCTBO [x] +[x + %] + ... [x +- T} [xn). 83. ITpumenntp Hepa-

BeHcTBo C; > Cy Ans uucea ¢ (a;), ¢ (ag), ..., ¢ (a,) H CBOHCTBO MYJbTHIIH-
KaTHBHOCTH ¢yHKuuH Dinepa. 84. Jokasarb ToxkaecTBa: uy -+ ug + ...+
+ Ugpy = ugp; ud At ui-+... + uf': = Upllpyys Wty + ugug + .4,
-~ -
B C
et Ugp_ylign= u2n 85. 6) Hcionb3oBarh HepaBeHcTBa Sin— sm—;— sin e <
1 ~ ~
g; H Cy > C_,. 86. a) IlpexBapurenbHo AoKasaTbh, 4to cos A -+ cos B4

3

”~~ ~~
4+ cos C << ?, a 3aTeM NPHMEHHTb HEPaBEHCTBO C1 < Cy ans uucen cos A,

cosB cos C 6) ROKa3aTb, 4TO sin A + sin B -+ sin C<3 V3 87. a) 3anucaThb

~ ~

. A B C
HepaBeHcTBO C_, << Gy Aas vuced sin 7, sin 7, sin —. 88. a) [IpexBapuTenb-

P -~ ~~
HO JOKasaThk, uTo sin A sin BsinC < 318/3 3aTeM NpPHMEHHTb HEPaBEHCTBO

C_, < C,. 89. [lokasarb, 4to sin 24 + sin 2B - sin 26 3V— H H#pHMe-

HuTh HepaBerctBo C; << Cp. 90. U3 toro, uto tg A+ tg B+ tg C >

—

n

3 -~ -~ -~ -~ -~ -~ -~
>3 Vitgd teBtgC w tgA+ tgB+ taC — tgAtgB tg &,
caeayer: tg Atg Btg C >3V 3. Ocranoch npuMeHuth HepaBeHcTBO Cp <

< C, npu a > 0. 91. Cravana nokasarb, 4TO ctg”ﬁ 4 ctg? B+ ctgzz‘ =1,
3aTeM NpUMeHHTb HepaBencTBo C, > C, mpu a > 2. 92. a) JoxkasaTe, uTo

-~ /\

B )
ctg : + ctg 2 + ctg-—— 3V3, mucnombays Tommectso ctg —2-+
B c A B c
+ Ctg—é—-i- cth= ctg 2 ctg 5 ctg 5 M TIPHMEHHTb HEpaBeHCTBO

C, > Cinpuna > 1.93. [Jas Tpex cnaraembix JeBOH 4acTH ucxom{oro Hepa-

BeHCTBa npHMeHuTb cBoiictBo C) < Cp. 94, Taxk Kak C_, < C, H -+ +

1
+ 7 = — (noxasarb!), T0 rq + ry + 7. 2> 9r. Tenepb NpUMEHHTb HEPaBEHCTBO
c

-~

A a b 4
C, 2 Cy npy a > 1. 95. a) Iockoabky rq=pitg——, 10 —++ — 4+ <~ =
i 2 Ta rp re
1 A B c 4R A B
=;(\actg7+bctg-—2—-—|—cctg -—5—) =—p' (cos’T +cos"‘—2-- +
c 9R R
—}—cos“‘—-"2 <7. 96. B mepaBenctBe Va2 + ¥+ 2 <+ y+ 2z

< VY3(x2+yr+ 28 nonoxuts x=V¥p—a B T. n 97. a) Hmeem:
4S=Y@atrbfouib—c@trc—b@-tc—a=V@a+b+ecjxyz <
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. —
< ]/(a+b+c)("—t§#)3= |/(a+b+c)(‘-’+—;“—c) =

_ (@ +b+4c)? < a* -+ b+ c?
- ) 74:) V3

cen a+b, b+ec, cta. 101. OueBugHo, ¢ oxHON cTopoHH, | AB|= 2R3 X

. 99. 3anucarb uepasenctBo C_,<< C; ana un-

C ~
X sin (n — —-‘2-—3-) = 2Rg cos——, c apyroit: | AB|= 2R sinC, otciona Ry =

2

¢ A B C
= 2R sin —2- Toraa Rf + Rg + R? = 4R? (sin2 2 - sin? —2-+ sinz—-—),>,

2
A B 6 3
> 3R?, T1aK Kak sin’T + sin2—2+sin2 5 —4— Ortser 3. 102. JokasaTs,
r a

9o = ———— W =r|1+ tg? —2- uT. n. 103. Ilpexsapurenbno
A
2 —_
cos 2

1AM | |BM|  |CM|
ROKa3aTb, 4TO -+ -+ == 3. 104. a) Crayana nokasarb, 4TO

|AM]| " 1BM|  |CM]

X Yy . 2 hyg—2r hyp—2r  h,—2r 1
— =4 —= =3—2r.— =1, 3aTeM npHu-
PR w T on T r P
MeHHTb HepaBeHcTBO Cy > C; npu @ 2> 1. 105. Herpyaso Aokasalb, 4TO
r r 1
X3 Yo 2 Ta Tp [I¢ r

108. [okasatb, uto 3 a2 = 12R%, i = 1, 2, 3, 4. 107. Umeem: ay -+ ay+ a3 =

A B c _
= 2R (ctg TE -+ ctg > + ctg—2—) > 6RV3. 109. Cuayana noKasaTs,
\

YTO NEPNEeHAHKYJSAP, ONYUIEHHbIH H3 IPOH3BOJBHO! TOUKH OKPYKHOCTH Ha XOPAY,
€CTb CpeHee reoMeTpHyeckoe IJIHH NePNeHAHKYJAPOB, ONYyIIEHHBIX H3 TOH Xe
TOYKH Ha KacaTesbHble, MPOBefleHHLIe Yepe3 KOHIb XOpAH. [losyueHHble paBeH-
CTBa nepeMHOXHuTh. 110, Hpumemm n pas TeopeMy CHHYCOB, NOJYYHM:

x2—-4R2 sin? & - sin? a-}— + ... -} sin? oc—l—n;ln = 2R?%n,
> + p
i==1

TaK Kak
n

. v—1 n
> sinfl o + n)=—.
Vel v 2
112, JokasaTb, u4T0 cos® @ 4 cos? B+ cos? y = L. 1113. i[loxaazlnb, 4T0
1 1
sin® @ 4 sin? B + sin®? y = 1. 114. Tokasats, uTO ™ +— p + — e +h—=~—,
1 2
M NpUMeHuTb HepaBeHctBo Cp >C_; npn o > —1. 115. I'Iupammu AfSBC "
OSBC umeioT ofmee OcHOBaHMe, MO3TOMY MX OOBEMbl OTHOCATCH KaK JAJHHbI
BRICOT, NpOBeleHHHIX Ha ofwee ocHoBauue. Tak kKak [A;0] || [AS], To

Vossc |04
Vassc 1SAL
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Ananornyno sanucaTe Apyrue otHowleHHs. 116. Hmeem:



14101 Voseo  1BOl  Voanc

laa — v ' BBl TV
H T. n. CJA0XHB HX, NMOJYYHM:
|A401 180l |CO]| |DO)
+ =1
AR AR Y

1
117. Umeem: V = ;S (x1 + %, + ...+ x,). 118. 3anucaTb TeopeMy CHHYCOB

AN Kaxaod rpaHu. 121, a) Hmeem: y = sin x sin 2x = 2 sin? x cos «x.

PaccMoTpuMm dyHKUHIO y? = 4sint x cos2 x =2 (sin® x sin? x 2cos? x) <<
sin® x + sin? x 4-2cos? x\3 16 2 .
<2 3 =57 Ymax = 3V— npu sin? x = 2cos? x, T. e

npu x = arctg V2. 123. a) 3anucatb nepasenctBo C, > C, s sin? x, cos? x;
6) u=2sinx—;y (cos =y -+ cos x-;y) < 2sin — +y (l -+ cos -|2—y) =

8 sin a cos? - il.’ S : g
=8sinacosda, rae o= 125. D+ y)rE< 2»’&2 +
i=1

4 =1
o 2
+1/ 39
=\

2
) =(a+b)2 (i=l, 2, cee fl). 126. umln=2k, umaxzk ‘ 2".

14sin?x  14cos® x‘)"‘

ine 2
127. Ucnoab3ys HepaBeHcTBO C,y = €y, MoNyuaeM: y 2= 2 ( Sin X 3 cos’ ¥
24 1 n 1 m 21 4 m
sin® x ' cos®x sin® x 4 cos® x
=2( 5 );2( 2+ ) =2.8M 128. Y1y =

= V(p — m)t (V' rE=m? +V ¢ — p* )% 129. OyHKUHIO NMPELCTABHM B BHAE
y=(1l—x...(1 =)0+ %)+ 2x) (1 + 2x)

¥ NpuUMeHHM cBoficTBo Cp < Cl, Ymax = | npu x = 0. 130. Hcnonn3osats He-

n(n+ 1))"‘”"‘”

paBencrBo Byusakosckoro — Komwu. 131. umjn = ( 2 .

. 1.22.3 .., n”
| 1|+\P31l+lpf” =1. 134. Cua-

132. |AC| 133. Jloka3sath, 4TO

3 a b

3aTh, 4TO aal =<

yasna Th, — =
AOKa3a ™

u 2% Torpa o + o + P 1, nanee npumenunts cBoitctBo Cy 2> C, npu a> 1.

136. IMpeasaputenbHo JokasaTs, uto V' S; + V' S; + V' Ss = V'S. 137. Pac-

CMAaTpHBasA OKDYXHOCTH, NpOXoAfdllHe uepe3 JBe BEePIIHHLB TpPEYroJbHHKA H
OCHOBAHHSA COOTBETCTBYIOIIHX BLICOT, MOXHO MNOJYYHTh!:

, AHAJIOrHYHO 3anucaTh BblpaXeHUs aas y?

-~ -~ ~~
x=alcos A|, y=b]|cos Bl, z==c|cos C|.

.\ 27 y\28 z \2" ~ - ~ 1\2n
(‘;) + ('b‘) + (c—) = €0s*" A + cos*" B - cos*" C = 3 (;) .

Toraa
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138. Ilas Kaxaoro TpeyroJbHMKa 3anucaTh Teopemy cuHycoB. 139. Tak kax
A\
by + ky+ kg = h, 10 kY + kY 4 kS }3(—3—) . 141 Ilyetb x 1y — Aau-

Ha M IWHKPHHA OCHOBaHMA MNapaJjJjenenunefa, z — Boicota. Toraa xy -+ 2yz 4
+ 2z2x = S. Ho V = xyz. Uccaenyem dyukuuio 4V? = 4x?y%2% Hmeem:

2 2zx \3 8§83
4x’y2z2=xy.2yz.2zx<(”"+ f+ ) ==

PaBeHCTBO BHINOJIHAETCS NMPH X = y= 2z = V‘%_ 142, U3 xypca pH3HKH H3-

sin &

2

k
Ko3bbHUHeHT mnponopunoHanabHocTH. Tak kKak r=lcosa, 10 I ==X
P

BeCTHO, YTO CHJa CBeTa B TOYKe Bhpaxaercs dopmyjoi [ = & , TAe B —

X sin acos’e. 143. arccos i.s‘/l. 145. arctg V2. 146. 3'=% 147.41—%

148. a) Pemum 3azauy B ofuieM BuAe:

1 1 1 1 1 1 1{@n—1+]1
T m—it3 an—s" " VToa—1 n_2n(l-(2n—l) +
@en—3)+3 1+(2n—1))

+ 3(2n —3) T @n—1-1/)

Jlasiee TOY/JIEHHO pa3fe/iuTh YHCJAHTENb HA 3HAMEHaTeab Apobu; 6) peliuMm 3ajady
n

B o6weM Bupe, obosznauus S, = » —. Torxa
a—i R
h=1

[} n
n—~k-4-k o (n—Fk
"'S"=k2} k _»2'1( k +l)'
= =

Orciona npu n = 101 noiyyn™ HCXOAHOE PaBEHCTBO; B) JieBas 4acTb paBHa:
50 50

3 (! 11 1 Z(L 1 ‘_L)_
ﬁ(zk—l—z'%—l 2‘213) \2 %—1 2 2

Lyt -
T o \2%e—1 2%/

50
Kak BHAHM, paBEHCTBO MOXKHO 0606[1.["'[‘]:. 149. a) To—l-; 6) AOCTaTOYHO 3aMETHTD,

4TO

1 1
T A OTBeT — — S 150. a) TlepeMuoXnTL aBa BHIpaNKeHHs:

2
1 3 5 9999 2 4 9998
A=—'—c—. ... . HB=—.—. L=,
2 4 6 10000 3 5 9999
1
) A B A2 A . B —_ "‘_"; &
3aMeTHB, 4TO < " < 10000 6) anas npouspegenus 1 x
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X2.2.3.3.3.4.4.4.4...100.100... 100 npumMeHuTsb TeOpEMY O Cpel-
2 3 4 100
HeM apHOMeTHYeCKOM M CpelHeM reOMeTpHuecKOM. Bhiuncauth cymMmy ksaj-

patoB. 151. a) 3anucatb nepasenctBo C_, << Cy zna uncen n—+ 1, n +
L2 ..., 30+ 1. 152. Nyets n = 22, Torna
1

s gl LIPS Sy UL Iy I . -'—)

e R e R I B
1 11 !

+~..-+‘§ﬁ)>l+’§“}‘;‘i"-"}';>N+l

2N puas

+ ... +(-27V_—Tl:__]

1
(kaxnas cymma B cKko6kax GoJablie E- B CHJy nHepaBencTBa 151, 6). 153. a) [TepBasn

Apo6b MeHblue BTOpOii; 6) 311 < 17Y; B) o6e uacTn BepHOro HepaBeHcTBa 9010 <
< 100" ymuoxuth Ha 100°; r) mepBast Apo6b Gosblue BTOPO#; 1) 32 OCHOBY

B3ATh HepaBeHcTBo ¥'n — 1 + Vn 4 1 <2V n. 154. Pasua 1. 155, [Ilpu-
MeHUTh HepaseHcTBo Cy > Cp ans uucen log, 5, log; 6, logs 7, log; 8, log, 4
M 3amHcaTb BCe 3TH YHCJa uyepe3 JorapudMm mo ocioBauuio 4. 156, O6osHauuTb

V3+V2=a, V6+ | =B, uuncants « - B, é, a?, P2 157. a) [lepsne

CTO 3HAKOB 3TOFO KOPHR MOC/AE 3aNSTOM — [EBATKHM. YTBepKACHHE CNEAYeT 3
nepasenctsa 0,99...9 <¥0,99...9 < 1. 158. lpeacrasnts (6 -+ Y'37)°%? s
N e

__100 undp 100 undp _
Buge (6 + V'37)?% 4 (6 — /'37)°*® + (V37 — 6)°%°. [lepsuie nBa uieHa Ja-
10T B CyMMe lieJioe uncao (nokasate!). Hasee, Hcxols us nepasenctsa Y1 + o <

<1+ %-, noayunts (Y 37 — 6)°® < o

3azaud. 159. OcBoGOAMTBCH OT HPPAUHONANBHOCTH B uHncaAHTese. 160. x =

OTKYAa cJieAyeT YTBepXKAeHHE

= ,4_’ X, =~ 4 . 10% 161. [TpeanoaoKuTb, 4TO B JeCSATHYHOH 3aIHCH YHCJA V2

HayHHas ¢ n-ro Mecta (n << 4 999 999) noapsan 5 000 001 pa3 nosTopsercsa onHa

— 1 a a r
W Ta xe unppaa. Torna 2= Tom—1 +1—0—n T +10"+5 o00 006 107+ 000 000’
rae Ny €N, 0<r <.

[Tpeo6pa3oBaTh 9TO BHIpaXKeHHe K BHAY:

— N a a r p
ro — ! _
Ve = + 9. 1071 _9.10n+5 000 000 + 1Qn+5 000000 — g, jon—l +R,

1071
rae p € N, R — ocratok, yA0BAeTBOPSIOWUHA YCJAOBHIO:!

i RI < 10n+5 000 000 ¢
BOSBCCTH ob6e yacTa B KBaJpaTrT H NOJYYHTb HEPaBeHCTBO

1 2p
IRI= = :(9. 1071 +IR|)‘

HJIH
1

9.10"-12p + 1)
(yurs, uto R - 9 + 107! < 1). Tak kax P < 1,42 - 9 . 10?1, 10 nmocne ynpo-

WeHHR K ochabneHnii HepaBeHCTs nosyuntesn: |R| >

IR\>

W, 9TO NPOTHBO-
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peuYHT paHee noJyuyeHHot ouerke. 162. IlonmycTHTb npoTUBHOe, 4TO Apobb HMe-
eT nepHoA u3 n uHPp. Tak Kak B HATYpaJibHOM pfAle CKOAb YTOAHO AajeKO OT
Haya/na BCTPeYaloTCs YHCJAa, cojeprkallHe MOAPAA n Hydell, TO nepuol JA0OJKeH
COCTOSATh H3 HyJe#l. AHalorHyHoe paccyJeHHe NMOKAaXKeT, YTO NEePHOA COCTOHT
M3 ONHHX elHHHL HJH ABoeK M T. A. [lpoTuBopeune. 164. a) Paccmorpersh ApoGb,
3HaMeHaTeJb KOTOp Off CONePKHT HaHBBLICILYIO CTeneHb yueaa 3; 6) ecan 2 < n, TO

1 1 1 1 1 1
:+n+l+ +m<*’:+‘n‘+ +;<1.

k41 pa3

PaccmoTpuTe camocTosfiTeNbHO cayuaii, ecan & > n. 165. Cymma apo6eit paBua
6n% 4 6n + 1

nn+1H@n+1)°
167. a) [MpuMeHHTDL (bopmle‘y _cf-!— B +c3—3abe= (a+ b - ¢) (a® + 6 + 2 —
— ab — bc — ca); 6) 3,‘____6‘/_21. 172. da. Hanpumep, a =4 — V15 uanu
a = —4 — V15, 173. Cuauana noxasats, uto ecan (@ + b V32 =c+ d V3,

0 (@a—byY32=c—dy3 Ho nmpu ¢=099999 u d= 111111 BsrO-
a!li-l_ﬂﬂﬂ.

o —
176. CHauana yGeAHTbCs, YTO MNepBast MOCJAEACBATENbHOCTb yébmaxomag, a
BTOpas Bo3pacTaoowas. 3aTeM M0Ka3aTh CYLIECTBOBAHUE NpPeJeJOB M HX paBeH-
crBo. 177. 3amertuTb, 4TO 4, > @u4 > byy > by Otclofa cjenaTs BbBOA
0 BO3paCTaHHH M YOBIBaHHH T1OCJAeLOBaTeNbHOCTeH, 06 HX OFPAaHHYEHHOCTH M

Yucauteas He JAcauTcA Ha O, 3HaMeHaTeab JeJHTCA.

poe PpaBeHCTBO He  Bbinoausercs  (movemy?). 175. u, =

0  CYLleCTBOBAHHH npel;le.non nocjejoBatenbrocteil. O TBe T V ab.
k l — n —
. = . 180. a) I1 , —_ 1= '
179 &+ 1! T a) Monoxum, y¥'n — 1= a (a > 0). Torza
nin—1
n=(14a)'= 1+na+Ln2l_)a2+"_+an.

CnegoBartedbgBo,

n(n—1) 2 . 2 4
2! as, a<n_l<n (n>2)!

Orcioga cJaenyer, 4YTO HCKOMBHIH npefen

2
n
1 1
paBes l; G6) mokasaTh, 4TO Fg—_, HanpHMep, HCXOAA M3 HepaBeHCTB
! n

l-n2>2n 2.-n—=101) 2 n, .., k(n—k+ 1) 2n, ..., n . 1> n;
B) NpeACTaBMTb B BHIe Npou3Belenus JABYX ApoGell.  YnpocTuTe  npo-
usBejenne. OrtBerT 0. 18l. YMHOXHTE H pasje/uTb NpPOH3BefeHHE Ha

2 _
1. e.a<ﬁ H0<'{/n—l<7-—-.
n

. X .
2 sin o 3aTeM Ha 2urT a 182 a) Ilyete lim x, = x. Toraa (nocse Bossee-

n—>00
HHSA B KBajpaT) NOJYUYHTCH ypaBHeHMe x2 = 2 -4 x; B) 0603HauHThb
1
Yn=2+ 1
24—,
- pas.
2 —I e + —!—
2

. 1 —
Nycts limy, = y. Toraay =24+ — OtBeT limx,= )2 183. a) [Tpu-

n-»00 y n-+oo
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G6asutb H BbiuecTb x%; 6) (1 - x4+ x?) (1 —x+ x%) (1 — 22+ x4). 184. —1.
185. JlanHoe ypaBHeHHe peWIHTh OTHOCHTeJLHO X: X == cos & 4 { sin o. [anee

1 1
npuMeruTte ¢opmyay Myaspa. 186. Zg a <3, a = 1. 187, Cuauana no-

Ka3aTb, YTO HEBEPHO yTBepXKAeHHe 3. OtBeT. n=2, m=9,n=26, m=
=17, 188. 2 u i’*—ﬂ 189. 3 +- ]/3‘ nan 5. 190. Ilokasars, yTo obuiee yucao

06pa30BaBIIHXCSA JHCTOB He MOXeT OuTb ueTHbIM. 191. Cpexu mepsbix 20 uncen
Ha#hjeTcs ABa, y KOTOPbIX HA KOHUe Hyab. M3 HHX, XoTs 6bl y oaHoro, nepejg
HyJleM CTOMT He JeBsiTKa. O603HaYHM TaKoe YHCJO yepe3 N, a CyMMy ero ungpp —
yepe3 n. Toraa 11l uucen N, N+ 1, ..., N+ 9, N + 10 umeior cymmst unudp
cootBetcTBeHno n, n + 1, ..., n + 9, n + 10. M3 nux Bcerna MoxHO COCTABUTH
noc/aef0BaTeNbHOCTb 4HCeJ, H3 KOTOPbIX XoTa 6B ORHO JenuTcs Ha |l

193. IIycte N;—oaHO H3 Takux uncesa. OueBHAHO, N; = 999999 — N, o6aaaaer

TeM Xe cBOMCTBOM, 410 M N; (noka3ats!). Ecau § — cymma Bcex N;, 10 S =
= 999999% (k& € N). 3naunt, S :37. 195. 1600. 197. Heuernoe. 198. Ha
245-M mecte. 200. IMepsuiit. 205. 37. 206. MoXHO I0Ka3aTb METOAOM OT NPOTHB-
noro. 207. 189. 209. Cuayana jgoxkasaTh Tako# (akT: mycTb Ha OZHONl cKambe
CHAAT £ poilapeil, H NYCTb Yy KaXJOro H3 ABYX KPaHHHX CPeAH CHASNLWMX phillapeii
Gosee nmosoBMHBL Apy3ei. Torna aTHx k puilapeil MOXHO ycaluTb 3a KDPYIJbIM
crojioM. 210. das 7-yrosibHuKa HalAyTCd JBe COCEAHHE BEPLIMHLL, B KOTOPHIX
CTOAT (PHILKH OJHOTO LiBETa, NYCTb 3TO 6yAyT Bepuwnubl A, H Az Toraa gocra-
TOYHO PACCMOTPETb «NPOTHBONOJOXHYIO» BepliHHy Ag M cocesne A; u A,
Toraa npu JM060i KOMOHHAUHH YeDHBIX H CesiblX (QHILEK B 3THX BepLUHHAX HaW-
ZyTcsi TPH (HILKM OJHOTO LBeTa, PAacMoJIOXeHHBle B BeplIHHAaX paBHOGeppeH-
HOrO TPeyrosJibHHKa. AHaJIOTHYHOE yTBepXKJEeHHe /15l MPaBHJAbHOTO 8-yrosbikka
HeBepHo (moxasarts!). 211. Heab3da. 212. BoiurpbiBaetr TOT, KTO XOAHT BTOPBIM.

180°
215. IposecTn mexgnany [AM]. 216. 75°% 217, 45° 218, 45° 219, 36° uau rat

221. 30° 222, Iloctpoutb TOYKY O, cHMMeTpHUHYI® TOouKe O OTHOCHTEJNbHO
(CB). OTBeT 20° 223. IlocTpouTh Touky O', cHMMeTpHUHYIO Touke O OTHO-
cuteabHo (AB). OrTBeT 70°% 224. 90° 225. 30° u 60° 226. Cuavana jao-
KasaTb, 4TO Bbicota [MM,] paBia noaycymme Aaun BbicoT [BB;] u [CC,]. 3Ha-
auT, Sn amp = Sa asv T Sa ncp- Bbiuectb obume yactu. 227. Yepes sty

Touky P nposectH oTpe3ok [A;B,], KOHrpysHTHHI H mnapannenabHwii [AB].
Mpunoxute napaanenorpamm AA, BB x crtopore [CD] Tak, uto6ul Touka A
coBnasia ¢ C, a Touka B — ¢ D. Touka P nepefiger B P;. Ilonyuntea tpaneuns
A;B\C\Dy, KOHTpy>HTHAsl JaHHOH, B KOTOPYI0O BIIHCAH YeTHIPEXYTroJbHHK
PCP\D. 228. Taomaab Kaxaoro u3 tpeyroibHukos A;Az;A, n A,A Ag paBua

1
> (S¢ + St), rae Sg — naomagb AAHHOTO WeECTHYTOJNIbHHKA, S7 — naomaib

TpeyronbHuka T, CTOPOHB KOTOPOTO PAaBHHI PAa3HOCTAM AJHH MPOTHBOMOMOMKHBIX
CTOpPOH LIECTHYFOJbHHKA M COOTBETCTBEHHO MapaJJjesJbHbl 3THM CTOpPOHaM.
230. Jannbtii 8-yrofibHHK npeo6pa3oBaTh B PaBHOBeJHKHIA eMy NP AMOYTONbHHK CO
CTOPONAMH, KOHTPYIHTHbIMH MeHblleH# u GOJbleli AHAaroHansM, noOBepHYB Co-
OTBETCTBYIOUIAM 06pa30oM «BBICTYMNamoumHe» TpeyroAbHukd. 231. a) Heabss.

.

TMokasaTb, 4TO, C OAHOHA CTOPOHBI, NAOWAAL TPEyroabHHKa 1/3 — YHCAO Hp-

palHOHaNbHOE, € JApyroi — pauuonaabnoe; 6) moxno. 232, Uepes M npose-
— 3 2

CTH mpAMyIo TaK, 4To6m |AM| = |MB|. 233. V' 2. 234. 6, 5 235. Ilo-

KaXXHTe, YTO €CJHH MHOTOYTrOJbHHK MOXHO pa3pe3aTb Ha NapaiJfe/orpaMmel,
TO MHOTOYTOJIbHHK AOJIKEH COJepIKaTb YeTHOE YHCJAO cTOpoH. 237. Bcio 3Besny
MOXHO paccMaTpHBATb KAaK COBOKYMHOCTb MATH TPEYrOJbHHKOB, HE HMEIOMHX
o6wHux cTopoH. Bo3bmem oauH #3 Hux. BcAkasd 3aMKHyTasi JIMHHA, He NPOXOAd-
Hias yepes BCPUIHHLL ITOTO TPEYroNbHHKA, HE MOMET MepecekaTb ero CTOPOHHI
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P B8 Q TONbLKO Y€THOe uHcao pa3. Hanee sacuo. 238. 3a-
MeTbTe, UTO ecJii Gbl Takast NpsiMas CylecTBOBana,
TO 10 06e CTOPOHbI OT Hee Jiexaso Gbl OAHO H TO/b-
KO OZHO YHCJO BepIUHH MHOroyrojibHHka. 239. O6-
ulee YHCJO TOYEK CaMOMEepeceyeHUs He MOJKeT npe-
£ I BocxoauTb 20300. (ITonpo6yiiTe ykasaTb ¢urypy,
nMelomyio poBHo 20300 Touek camonepeceyeHHs.)

240. Brivucaute cymMMy BHYTPEHHUX YIJIOB BCeX

tpeyrojbHukoB. O T B e T. 158 241. MoxHo npu-

MeHHTb MeTOA HHAYKUHH. 242. IonycTHTe NpOTHB-

A R hoe. IlycTb He BCe MpAMble NDOXOXAT uepe3 TOY-

Ky O, fBNsOIYIOCS TOYKOH mNepeceyeHHs HEKOTo-

Puc. 18 phIX ABYX npsiMbix. [TycTh, nanpumep, npamas [ ue-

pe3 O He npoxoant. Cpeau TOYEK NepeceueHHs NPSIMLIX, He JexaluXx Ha /, BeiGe-
puTe 6auxaiwyio K [ Touky A. Ilo yc/0BHIO 4epe3 Hee NPOXOAAT MO MeHbUIEH
Mepe TpH npsamule. [lycTb 3TH npaMmsic nepecekaiot / B Toukax B, C, D. Yepes C,
xpome [ u (AC), fo/KHA NPOXOAWTH ewWe OiHa Npsamas m, KOTopass MNepece-
yeT elle OAHY cTopony TpeyroibHuka ABD B Touke E, pacnofioxeHHOi GHxe
kK !, uem A. Ilportusopeume. 243. Ilycte oxpyxnoctn Cy, C,, Cg, C, mepece-
Kalotcs B Touke A, okpyxHocTtH Ci, C,, C3, Cy — B Touke B, OKpYXHOCTH
Ci, Cy, Cq, C; — B TOuKEe C. Ecam A, B, C — pasjiduHble TOYKH, TO OKPYX-
noctH C;, C, cosnagawor. Ecau xe, nanpumep, Toukn A u C coBnaaawot, To 06-
meit 6yner Touka A. 244. INyctp A — obwas Touka kpyroB. Coeaunnte A ¢ ueur-
pPaMH KPYroB H PacCMOTPHTE HaHMeHbWHIl 3 o6pa3oBaBwHxcs yraos. [Tokaxwure,
4YTO OTpPe30K, coeAnHsoWHIE LeHTPBl Oy H Oy, UCTHKOM NEXHT B ONHOM H3 KPYroB.

04p. 1 - 2ot
2
HO NPOTHBOMOJOXHAA BeplikHa, NOITOMY H3 NPAMOYIOJbHBIX TPEYroNbHHKOB
naiizercs cymma KBaapartoB pacctosiunit. O 1B e T. 3960. 248. JloctatouHo yGe-
AHTbCS, YTO 4eTbipe TOYKH IJIOCKOCTH BCerja MOXHO Pa3CHTb Ha ABe IPynNnhl ¢
co6oaeHHeM TpeGyeMblX YCJOBHH; NPH 3TOM B J000i cucTeMe n > 4 Touek
Bceraa MoxHO (noxa3aTb!) pa36uTb Ha jABe TPynnnl ¢ cobJiofeHHeM TpeGyeMhXx
ycJoBuil KaKue-1HO0 4 TOYKH, a BCE OCTajbHble TOUKH paclpefe/HTb MeXIy
IBYMsl TpynmaMu COBepUIEHHO NPOW3BOJNbHbIM oOpasoM. 250. Cpeau Bcex Tpe-
YrOJbHHKOB C BepUIHHAMH B JaHHBIX TOYKaX Bbl6epHTe TPeyrosbHHK HaHGOJb-
wei naomain S << 1. Uepe3 kaxiylo ero BepUIHHY NPOBEAHTE NMpsAMbe, napaJj-
JeJbHble NPOTHBOMOJIOXKHBIM CTOPOHaM Bhi6paHHOro TpeyrogabHuka. ITokaxmure,
4TO NJIOaAb MOJYYEHHOT'O TPeYroJbHHKA He npeBocxoiuT 48 << 4. okaxure,
YTO 3TOT TPEYroJNbHHK HaKpLIBaeT Bce n Touek. 252. PasCeiite kBagpaT npsiMbi-
MH, NnapajnJeNbHbIMH CTOpDOHAM, Ha 25 KBajpaTukoB. [loxkaxure, uTo HaHgeTcs
KBaJpaTHK, B KOTOPHIA nona/ju Tpyu ToukKH. OcraHeTcsa 40KasaTb, YTO €ro mjomanb

. 247. Qs kax 04 BepLUIMHLI MHOTOYTONbHHKAE €CTh JHAMETPalib-

n
He TNPeBOCXOAHT Y 256. Moxwuo. 257. Ilycte APQR — napansenorpamm,

cogepxamuit B ce6e AABC, nnouasb Kotoporo paBHa | (puc. 18). 3amersre,

0 S, cpp < S ceeE =7 Scork SAcAD S SpcaE = ) Scrag. Orciona

HETPYAHO MNOJYYHTb, YTO SAPQR > 2. 258. Bnucath B JaHHBIl MHOTOYroJbHHK

M Tpeyroabunk ABC naun6oabiuedt poamoxHoi naowmanu. [Moctpoiite A A,;B,C,,
CTOPOHBI KOTOPOTO NpoXoAuJs 6biuepe3s A, B u C n Oblan nmapajjeibHbl NpPOTH-
BOMNOJIOXHBIM CTOpOoHaM TpeyronbHiuka ABC. [TokaxuTte, uTo M LeNTHKOM JIEXKHT
BRYTPH A A;B,C,. 259. CHauana JOKaxHuTe, YTO KBajJpaT CO CTOpoHO#H, paBHOM
1, Henbss 3aKJWYHTE HH B KaKoil TPeyroJibHHK IJIOWlagH, MeHbueid 2.
262.1TycTb nepshlii KOBep W BTOPOii NepeXPLIBAIOTCS 1O JIOWAAH Sy, NepBhii U Tpe-
THH — no nuowanau S,, BTOpoil M TpeTHH — no mjowaau S;, a BMecTe Bce—
no njaomanu S, ITokaxure, uto

6"9—(Sl+ Sz+ Sa)_‘_s‘.
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264. 3 — |3 — |x||. 265. dynxuus y cywecTByeT npu Jiob6oMm x € R, u rpadu-

KOM ee sBJsieTcsl o6beinHenHe npamoit y = 2x — 1,5 u noaynpsamoit, onpeze-
o o, [x =1,

AsfeMoil cHcTeMOil: {y <l

266. [lyctp —1 < x3 < x, < 1. Hano nokasats, uro

X1 )
2 < 2°
14+ % 14x

267. Iyets 0 < x; < x,. Hapo noxkasate, uto f (x3) > f (%), 7. e. f (x) Bo3pa-
ctaetr npu x > 0. JlanHoe ypaBHeHHe HMeeT OYeBHAHLI! Kopenb x = 2. [pyrux
MOJNOXHUTEJNbHBIX KOPHeil HeT, Tak Kak pyukuus g (x) = 5% — 2¥ — Bospacraio-
was. Her u oTpHuaTeNbHLIX KOpHe#.

1
268. Umeem: f(x +2a) = — ——— = [ (x).
fet2a)=— s =
270. [Tocrpofite paBHOGeApeHHLI TpeyronbHUuK ¢ OGOKOBOH cTOpoHON b
u ocHoBaHueM a. Ha ocHoBanun [AC] Bosvmute Touky D. Ilycte |AD| = x.
Toraa f (x) = |BD].
271. IlpeactaBLTe z B BHAe
s 2w
2+ y?
272, Iyctb x =rcos @, y=rsing. Tornal < |r | < V2uz=r(1+4+
1 | 1
+ —sin 2‘?); Zmin = '2"; Zmax = 3.

.

2

Ax)—
273. B ofonx cayuasx npu Ax — 0 noaysaercsi, yro lim M:

Ax-0 Ax
=0, T. e. ofa npejesa CoOBNajawT.

275. Hanpumep,

i) = {0, ecad x € Q,
£ (x —1)? (x —2)?, ecnu x — HpPAUUOHANBHOE YHCJIO.

276. IlepBoobpasnas nepHOAHYECKOH (GYHKUMA OTJIHYAETCHd OT NepHOAHYe-
cKOW GyHKUHH C TeM XKe MEePHOIOM Ha JHHeHIYIo QyHKIHIO.

277. a) TlokaxnTte, YTO NpPOH3BOAHAs Jesoil yacth papHa 0; 6) Cnauana
noxamme,l uto [’ (x) = 0nmpu x > 1, T. e. f (x) = C, a 3atem Haiifiure C, noJa-
ras x = 1.

278. 6) INyctp [ (x) = 2 (x®*4 6x) — 9x2— 4. Toraa f' (x) = 6 (x — )X
X(x—2) >0 npu x > 2, 1. e [ (x)Bo3pactarowasn Ha [2; oo[. Tostomy f (x) >
>T@ npu x>2

B) Iycte 0 <a<<b<<ce Torpa dynkuns f(x) = x84 % 4 & — 3xbe
y6mBaer npu 0 < x < b, Tax kak f (x) < 0. [Toatomy f (a) 2> f (b), npu 0 <
<a<b 1 e a4 B4 A —3abe > 28° + & — 3b%c. 3arem paccMoTpHTe
(byl(i)KI.lPHO @ (x) = 2x® 4+ ¢ — 3x%c npn 0 < x < ¢ u nokaxure, 4to @' (x) <
<

279, a) HsBecTHo, uTO

X |

l4+x+ 224 .+ 4t = ——m,

x—1

IMpoanddepennupyfiTe 370 paBEeHCTBO H Pe3yJbTaT, YMHOMEHHLIH Ha X, CHOBa
npoauddepeHunpyire;

1 + x2 — (2n + 1)x¥? 4 (2n — 1) x27+2
6) Sn = (l — xz)a .
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l — ] —_— ¢ a
281. 2arcsin (V5 —1). 282 V= 6 YT 2. Torta Vpyy — “2/73

2 1
npy x = -ﬁ 283. —1 20" 285. OwnGKa npou3ollia H3-3a TOrO, UTO nepBooGpasHasn

| - n
s arctg (V' 3tgx) Tepnutr paspuB B Touke X = - 286. 200. 287. a) Mo

waab S; KPHBOJNMHEHHOA TpaneuwH, OTPAHHYEHHOA JIHHHAMH x = g, x = b,
b

1 dx b 1
y =0, y=—, paBHa | — = In —. KacaTenbnas k Kpupolt y = — B TOuke
X X a X
a
(a ) ) OTCeKaeT TpaneuHuio ¢ miouajpio S; = 2 b—a H S
9 ’ a+ b 2 b+a‘ o 1 > S2‘

6) Pa36uB otpe3ok [0; 1] Toukamu x, = (n=1,2,..., N), Bnuem B Xpuosu-

HefiHYI0 Tpamneuuio, OrpaHuyueHHyio rpadpHKoM GyHKUMM Yy == sin x, cTyneHua-
Tyto ¢urypy. IMosyuennas GUrypa COCTOHT H3 TIPSAMOYTONbHHKOB C OCHOBAHMU IMH
1 1

—_— H BBHICOTaMH Sin
n

n n+1

v [Tostomy ee nuowane S, pabua

N1

smn+ 3
el n{n+1)

Ho

1
1
Sy < Ysinxdx——— l-—cosl<—2—.
6
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